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Green’s Function 
By P. V. SE6HTJ Aiyar. 

Note : In this article A stands for tho usoal symbol 

1. Introluch'oti : 

As a moans of solving certain problems in Electrostatics Green 
int rod need a certain function into Analysis which afterwards came to be 
known after bis name. Properties of this function were developed by 
Green himself from a physical point of view (vide Green’s Mathe¬ 
matical Paper edited by Ferrers : p. 31 and seq.; or Clarke Maxwell’s 
Plectrin'ty „ud Magnetism. : p. 133 and seq.]. But continental mathe- 
maticans have developed these properties from the point of view of Pure 
Analysis and tho present article gives the exposition from the latter 
point of view following French mathematicians, chiefly Poincar6. 

2. Definition : 

Let T be a volume bounded by a closed surface S, and M' a point 
situated in the interior of T, and M a variable point in the interior of 
T or upon the surface S. Then tho fnnetion G = (l/r+ll) is called the 
Function of Green relative to the volume T and to tho point M\ where 
r is tho distance of tho variablo point M from the point M' and H is a 
function which is harmonic in the volume T (t e., satisfies the equation of 
Laplace with the necessary conditions as regards continuity) and which 
is equal to —1/r upon S. 

Thus defined, this function G vanishes upon S, and satisfies tho 
equation of Laplace at. every point of volume T except at M' where it 
becomes infinite. 

The fnnetion of Green given by this definition relates to the space 
enclosed by a closed surface and and a point within it corresponds to 
the interior problem of Dirichlot [vide : tho article on tho Problem of 
Diriclilct (p. 177) in tho issuo of October 1915 of this Journal]. As in tho 
case of the problem of Diriohlet, there is also an exterior function of 
Green, *.<?., a function relative to a volume T and to a point M' outside 
this volume. In this article we confine ourselves to the interior function. 

3. Physical Interpretation : 

Concoive the surface S to be a perfeot conduotor put in com¬ 
munication with tho earth, and a unit of positive electricity placed at 
the point M'. Then the value at the variablo point M of the total 
potential fnnetion, arising from tho unit of leleotrioity at M' and from 
the eloctricity it will induco upon the surface, will be tho funotion of 
Green as defined above. 
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For, in consequence of the communication with the earth, the total 
potent ial at the surface is zero ; further the potential at M due to the unit 
of electricity placed at M'is 1/r and that due to the electricity induced 
on the surface is a harmonic function H ; and hence the total potential 
is H-f l/r = G. 

This physical interpretation also helps to convince us that such a 
function exists. 

4 . Notation: 

Once the domain T is given, the function G is a function of the 
co-ordinates (x, y , s ) of the variable point M, but it depends also on the 
co-odinates ( 3 !, y', z') of the point M', the infinity of the function. To put 
in evidence this fact we may write it as G (*, y, z, x\ xj, s'), or G (M, M') 
indicating by the latter notation, the value at the point M of the 
function of Green relative to the domain T and to tho point M'. 

5 . Properties of the Function :— 

1°. Tho function is positive at every point M in tho domain T. 

As r tends to zero (t.e.. as the point M fends to the point M') 
H remains finite. Therefore G — 1/r remains finite. 

Hence (r.G—1) tends to zero, and rG tends to unity. Thus 
when r is very small, the product rG is very near to unity. We can 
therefore affirm that in the neighbourhood of the point M', the 
function G is positive. Enclose this point by a very small sphere F. 
Between F and S, wo have AG =0; upon S, G , is zero and upon F, 
G> 0. Therefore between £ and S, G is everywhere positive according 
to the following lemma. 

Lemma : 

Every harmonic function in a domain lies between tho greatest 
and the least values upon tho surface bounding the domain, whether 
it be simply-connected or multiply-connected. For, otherwise, there 
must be a point within tho domain T, at whicli tho function is a 
maximum or a minimum, which it cannot bo [vide : the article on 
‘ Dirichlet’s Problem * quoted above.] 

2°. in tho volume T, G is everywhere less than 1/r. 

In tho volume T, A H=0 and H = —1/r upon S. That is, H is 
negative upon S. 

Since at any point within T, H must lie between its greatest and 
least values upon S, H is negative at every point of T. 

G *=H+I <- 
r r 
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3”. Let T,be a domain bounded ly a closed surface S, and Tj a 
larger domain bounded by S, and containing T within it; and let 11' be 
a point in T, then if G, be the function of Green relative to T, and to 
M', and G that relative to T and to the same 'point MYjhen, within 

T, G,>G. 


S, 



For.lif G, be Hj + l/r and G bcH+l/r, we see tbat,G|—G=Hj—H 
is harmonic iwit bin T and since G,>0 in T lt we have Hj-f l/r>0 upon S 
but upon S, H = — l/rj therefore H,—H>0 upon S and is positive in the 
volume T enclosed by S according to tho Lemma. 

Hence Gi—G is positive ; 

i.c. G,>G in T. 

4.° Consider the surface G = C. 

To|each value of the constant C there corresponds a particular 
surface. 

For very great values of the constant, wo havo evidently very small 
surfaces surrounding the pole M\ sinco G becomes infinite at M\ 

For values very small of C, we have on the contrary surfaces very 
near to the surface S. 

Finally, wo pass from ono surface to another by a continuous 
deformation by making the coustunt C vary in a continuous manner. 

Further the function G being uniform in the volume T, two 
surfaces corresponding to two different values of C cannot ent each 
other. The surfaces G=C, for different values of C, enclose therefore 
the polo and are mutually enveloping ; that is, they are contained within 
ono another, so that the surface corresponding to any ono value of C 
(say C 0 ) encloses within it all surfaces corresponding ito the values of 
C greater than C 0 . 
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The physical interpretation of all the above mentioned properties 
is quite plain. 

/ tf G 

^ —d<r = 4'n, where the integration is extended to the whole 

of any snrface S' contained within S and containing within it the point 

M' and the differentiation is along the normal interior to the snrface S'. 

an 

Since G =H-f 1/r is harmonic everywhere in T except at M' where 

dG 

it is.infinite, — exists at every 'point upon S'. Enclose M' by a small 

dn 

sphere £ of radius and centre M'. Now in the space between £ and 

S', G is harmoaic,and hence [ — dv {extended to the whole of the sur- 

J dn 

faces bounding that space is zero, [vide : Cor. 2 of § 2 in the article 
on the Problem of Dirichlot]. 


f d Jhr+ f *>*■=0, 

J S' dn J E dn 


J S' jdn J l an 

the differentiation — being along the normal interior to the space 

an 

enclosed ; in other words 


/ Sir, 

J a* an . Jr dn 


the differentiation-^- being along the normal interior to the geome¬ 
an 

trical surface in both cases. 


But 


fr 2*-J 


G) 


I dn 


d<r. 


= f [ d<r=4ix. 

J y r* dn p 1 J y 


J £ r* dn p‘ J £ 

Tor, the differentiation being along the normal interior to £, — 1 

dn 

in the case of the sphere. 

. f dG. _ 


J S' dn 


[Note.— This could bo easily identified as a particular case of Gauss* 
theorem on the surface integral of normal force.] 

6°. Let T be a volume bounded by a surface S, and M', M" two 
points within it. Let G' denote the funotion of Green relative to the 
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domain T and to the point M', and G" denote the function of Green 
relative to the same domain T and to the point M". Then the value of 
G' at M" is equal to the value of G" at M'. 


That is to say, if we denote by G' (M) and G" (M) the values of the 
two functions G' and G" respectively at any point M, wo shall have 

G'(M")=G"(M'). 

Let a' be a very small number and consider the surface S' corres¬ 
ponding to G' = a'. This surface S' is very near to S and by taking a' 
sufficiently small, S' can be made to contain within its interior both the 
point M' and M". 



Now consider the integral 



oxtcnded to the surface S', whoro — is taken along 

dn 

terior to S'. 


the normal in- 


This integral is well dotorminato since G', G", exist at all 

dn ’ dn 

points of S'. 


Around \ the two points M' and M" as contros, doscribo 
small spheres £\ £" of radii p\ p" respectively, and consider tlio spaco 
contained between the surface S' and tho spheres E\ F'. In this space, 
G' and G" are harmonic, and lienee, proceeding as in 5° above, wo havo 



where A is to bo taken along tho normals interior to the goometrio 
surfaces. 


• « 
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Now, let M be the greatest value of G' upon 27 ; then 




because G" is harmonic in T. 


Next, consider the integral f G"^- dtr 

J v (In 


G" is finite and continuous at M\ Therefore, on the sphere 27, 

G'' = G" (M') + ewhere q vanishes with p'. 

J dG* 

n°-r- d* has for limiting value 
£/ an 

G" (M')J r < 5^e*<r=4wG*(M'), [by 5°]. 

Hence the limiting value of 

f ( G'^-G'^i) d<r=—4 itG"(M'). 

J jv \ dn an / 

Similarly, the limiting value of 

f /'g—~G—V < r = 4 ' TTG '(M"). 

J £" V dn dn / 

J =47r { G'(M")—G"(M') } . 

Again J = f ( G'^-— G"^- ^d<r is the difference of two other 
J \ dn dn / 

integrals : viz 

III 90 

/ dG° 

-j d<r, because G'is constant upon S'and equals a'. 

= 4fla' [by 5°.]. 

.*. (1) tends to zero with a'. 

Nextly let a" bo the superior limit of G" upon S', so that we have 

f G "f'd* <a’f I 

J g» dn g/ J dn | 

<4tT(i" [by 5°]. 

But a" tends to zero simultaneously with a' ; for, as a' tends to 
zero, the surface S' tends to the surface S and hence a" tends also to 


G"~(f<r <a 
S' dn 


zero. 


Thus J tends to zero simultaneously with a' and consequently the 
expression^ { G'(M")—G"(M') } , which is equal to J, also tends to zerb. 
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Bat this expression has a definite valne; it ia therefore necessarily 
zero ; and we have 

6. Value of Green's function in the case of a Sphere. Let S be a 
sphere, 0 its centre and a its radios. Let be a point within the 
sphere. Let as calculate the function of Green relative to this point M't 



Let M* be the point conjugate to M' with respect, to the sphere, so 
that OM'M" is a straight line and OM'.OM" = a\ 

Let M bo any point nothin the sphere and M, a point on the 
sphere. Join OMj, MM f , MM", MjM , M|M ; and pat MM =r, MM =r t 

MjM's=r„ M|M*«ri* and OM'=/». ThenOM"=i.; and by similar 


triangleslwo also have= £, whence 


1 a 1 


• t 


M* 


• •• 


'l P *■! 


• •• 


( 1 ) 


Consider now H = —» H is harmonio within the sphere; for 

P r ' 

* (?) = a 

Also, on the sphere H = —-.-L= ——, in virtue of tho relation (1). 

P r x - T\ 

Hence G = H4-I=1— is the fanotion of Green required. 

r r pt 

Evidently, on the surface G=i —-.JL=0, by tho relation (1). 

r i P r \ 

Physical Interpretation : The above expression for G in tho case of 
a sphere shows that the function of Green relative to a sphere and to 

* * * j • a * • - a • A . ‘i'i 
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a given point within it is the total potential doe to a unit charge of 
positive electricity placed at the given point and to a charge af p of nega¬ 
tive electricity at the conjugate point. 

Note .—It could be easily shown that the property G' (M") = G" (M') 
in the case of a sphere, leads to Salmon’s theorem on poles and polars. 

7. Comparison of the interior problems of Green and of Dirichlet : 
The problem of Dirichlet has been given in the article on “ The Problem 
of Dirichlet ” quoted above. The following is the corresponding problem 
of Green . 


“Given a volume T bonnded by a surface S, calculate the function 
of Green relative to this volume T and to any one of the points in T.” 


Let U be the harmonic function in T which it Ls required to deter¬ 
mine, in the problem of Dirichlet, from its values upon the surface S. 
The value U' at a point M' of T is given by the formula 



where G is the function of Green relative to the volume T and to the 
point M', and U denotes the given value of U at the element d<r, and 

is to be taken along the interior normal. 
dn 


[This formula could be proved exactly like the formula 

iuG"— f Gproved in 6°, above.] 

J dn 


If, therefore, we know how to'solve the problem of Green, we can 
calculate the value U' of U at each point M' of T, *.e„ we can solve the 
problem of Dirichlet. 

Conversely, if we know how to solve the problem of Dirichlet, wo 
can calculate tbe function H and consequently the function of Greea. 

The two problems of Green and of Dirichlet are, therefore, equiva¬ 
lent. 

8. Verification : For verification take the case of a sphere for 
whioh we have solved both the problems independently. 

2 
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With the notation already employed, we have 


XeX/_ 

O M' 


P _ 1 a 1 
r p r 

JG __1 Jr a 1d/ 

tin r’dn p'r'*dn 

Jr , 

_ = — cos<*>, 
tin 

tW , 

— =COS;dj 

an 

where •j.rM'MjO, N ; 

. JG cos 4> , a cosip 

r7» & r* + p- 

T COS <$> _fl> / COS 4^. 

P 5 h /o * z 5- 


Hut 


r' f = r’.—. 


* 

. JG _ r cos />* r' cos 4* 

Jn r’ a 1 r 5 

And r cos <p=a—p cos 0, whore 0=M'OMi and r cos 4 , =—- cos0—a. 

e 

. JG_a —/ ?co8 0 p' 1 p L0S ^ a _ a*— p\ 

dn r* a 4 * r 8 a 

Thus if U is the harmonio function sought in Diriohlet’s Problom 
fromiits values upon the (surface, wolhave 

4ttU = fu d ^d<r 
— J dn 

U dr 

which welknow to be the solation. 
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SHORT NOTES. 


On the Convergence of Infinite Power Chains.* 

1. Let a„ be defined by the relation a n = a a,l ~\ where n is a posi¬ 
tive integer and a 0 denotes 1. Then obviously a n stands for a simple 
chain of n links; we shall consider in this note the convergence of a n as 
»-> oo. 

Suppose a>l. It is obvious that a„ is an increasing function of » 
and hence it increases indefinitely or tends to a definite limit as n -» oo 
In the latter case, let u=/(a) be the limit to which the infinite chain 
tends. Then u satisfies the equation. 


fi u 

a =u, or a=u 


-l 


••• 


• • # 


(1) 

It is easily seen the u has a maximum value k=e e =1-444 
nearly. Hence equal ion (1) has no real root if a>k. For such values 
a n cannot converge, and so diverges. 

If a=k, equation (l) gives u=e. In this case a n may converge, in 
which case it will tend to the value e. 

If a<fc, there are real solutions of (1); and convergence is possible 
in this case also. 

2. We shall now give a formal proof of Die convergence of k n 
when n -> co . 


We have 


k l =h=e 




.-Si 


and generally 


fh=k k =e° , whore 5, = 1— e -1 >o,<l; 

k t =lt <i =e t , where 5i = l—e~^ l >o,<l; 

L — 5 II — 1 . 

k n =k , where 5„-i=l— 


Now consider tho'sequence S u $ 3l 5,... From the relation 

5, + ,=l-.- 5 ' 

=S 

b ’ 2! + n 


we infer Sr+i<5„ if 5r<l; so that 1 >Si> 5 3 >5,.>o. The 

sequence is therefore a decreasing one, and so either vanishes 

* Bead before the Madras Presidency College Mathematical Association, 
16.12-1916. 
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ultimately or lends to a limit 5 <1. In the latter case 5 must satisfy 
the equation 

5 5 2 ! + »! . 

the only real root of which is 5=0. 

Hence 

Lt . 

Ar„ *=e =c. 

>1 — 00 M 

Cor. If l<u<A- ,we have a n <^k„. 

• • lit a n <Lt Ar„<e. 

lienee «„ converges fur a<Zk. 

4. Suppose a<l, 

We have u<o„<l, or <i,<o,<l. 

• CJl (Li • • 

• • a *>u J >u, since a<l. 

t.e. a,>a,>a,. 

Similarly o,<a,<a J ; 

and 0 |>a ( >a,. 


Thus «/„ oscillates, the amplitude gradually decreasing as » increases. 
Kvery even a is greater than every odd a. The even a’« form a decreas¬ 
ing sequencelandlthe odd as an increasing one. 

Let the limits of these sequences be Xand p., respectively ; so that 
X, p. are real roots of the equation 

a a =x, or a x log u = log x, 

ami may be obtained as the points of intersection of the curves : 

(1) y=log x, and (2)y = a* logo, (a<l). 

The graphs of these curves are given below and it is obvious from 
tho figure that there is only one real point of intersection. Hence 

and <*„ converges to a definite limit in much the sumo manner as the 
couvorgeuts of a continued fraction. 
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• • • 

5. Let as next consider the general chain a** in which the a's 
are all greater than unity. The chain diverges if a r >a>k. for all values 
of r beyond a particular number p , say. 

For, the part of the infinite chain corresponding to such values is 

CL, •• 

greater than a ...whose divergence has been already proved. 

(ii) If a, < k, after a certain value of r, we find that the part of 
the infinite chain beginning with a, is less than k. Hence the whole chain 
converges. 


A. Nabasinga Rao. 


Conical Envelope of a Conicoid. 

1. Let x?/a}+y t /b t + 2 l /c'= 1, bo a conicoid, and (/, < 7 , h ) any 

point T. Also, let (E, tj, Z) be a point P on a tangent from T to the 
conicoid. Then, we have 

A CPT: A CDT = PT: CD, ... 
where CD is the semi-diameter parallel to TP. 


• • • 


• • • 


(i) 


Also PT: CD =(E—/) : ul = (T)-*,) ; bm=(Z>-h): C n 

= [(£-/) , /. , +(>|-?)’/f+(«-A) , / (! >]* 
D being denoted by ( al , bm , cn). 


• • • 


(ii) 


From (i) and (ii), we find 

A CPT: A CDT = [(*-/)•/<,•+...^ . (iU) 

Now 2.A CPT = CP.CT sin PCT = [(t^-T l f)* + ...]3 

2. A CDT = product of semi-axes of tho section CPT 

=abc/(aH'*+ 6’m'*-f c V*) *, 
where^i'a;+7n'y+» f «=o jdenotes the plane CPT, viz : 

x y s 

hr/: = 0 . 

/ 9 h 

Hence (iii) reduces* to 

(<*»(*«/-tf)’+.J = [(*-/)7 

= [6V(E-/)'+.], 

which is the equation toUhe conical envelope. 


... (iv) 
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Cor : —Equation (iv) may be written in the form 

[(*?-nf)*+.]=«*[(*—/)*+.3 

in the case of a sphere. 

2. In the case of a conic x'/a i +y'!b'= 1, the equation of the 
tangents from (/, g) is similarly written 

which reduces to 
for a circle. 

M. T. Nabamengab. 


Involution and (i, i) Correspondence. 

1. Transformation of Point-pairs on a Line ; 

For visualising certain relations between points on a line, which 
we term involution and (1, 1) correspondence, a convenient method may 
bo employed. A line is onc-diiuensional if we regard it as composed of 
points, but is two-dimensional iif regarded as made up of point-pairs. 
Thus every point-pair in a line can be placed in (1, 1) correspondence 
with a point in a plane. This is clearly seen to bo possible if wo Bpecify 
the point-pair by two co-ordinates (p, q). It should be remarked 
however that since we are not supposed to make any distinction between 
the points composing the pair, (p, </) should be symmetric functions of 
the co-ordinates of the points. For example, if x„ x t , the distances of 
two points from a fixed point on the line be tho roots of the equation 

x'+px + 7 = 0 , 

then {p, q) can be taken to bo the co-ordinates of tho point-pair (*i &,). 
{vide : Young: Theory of Sets of Points, Ch. VIII). 

2. Some Properties : 

Making this transformation of point-pairs in a line to points in 
a plane, wo have 

(1) Any continuous one-dimensional scries of point-pairs corres¬ 
ponds to a curve. 

(2) Any involution corresponds to a straight lino. For, since an 
involution is completely determined by two point-pairs, the correspond¬ 
ing curvo must be complotoly determined by two points. 

(3) 1 ho locus in the plane of all ropeated pairs such as (I'P) in 
tho line is a conic which shall bo termed tho fundamental conic. 

For there arc two such pairs in every involution. Hence tho corres¬ 
ponding curve must cut every straight line in two points. 
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(4) Tf two point-pairs have a point in common, the line joining 
the corresponding points touches the fundamental conic. 

For, the double points of the involution determined by two pairs 
having a common point P, coincide into the single point P. Hence in 
the plane the line representing the involution touches the fundamental 
conic. 


(5) The point-pair formed by the double points of an involution 
is represented by the pole of the corresponding line ic. r. 1 . the funda¬ 
mental conic. 

For, if the line cuts the conic in (/, q ) corresponding to the pairs 
(FP), (QQ), the pair formed by the double points being (PQ) must, by 
the last theorem, lie on the tangents at both p and q. 

Car. Two point-pairs separating each other harmonically are 
represented by conjugate points «*. r. t. the fundamental conic. 

The reciprocal theorem concerning pole and polar is thus seen to 
follow from the reciprocity of the harmonic relation. 

(6) Point-pairs consisting of points in (1, 1) correspondence are 
represented by a conic having double contact with the fundamental 
conic. 

For, if P is any point, the correspondence will carry P into Pj and 
some other point P, into P. Thus there are two pairs (PP,) (PP,) con¬ 
taining P which shows that any tangent to the fundamental conic cuts 
the corresponding locus in two points. This locus is therefore a conic. 

Since a (1, 1) correspondence has two,and only two double pairs, 
it follows that this conic must have double contact with the fundamental 
conic in the points corresponding to tho double points. 


R. Vytiitnatiiaswamt. 
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The Face of the Sky for March and April. 

The Sun 

enters the first point of Aries on March 21 at 4*30 A.M. anil Taurus on 
April 20 at 3-30 p.m. 



The Moon 







4 

March. 




April. 

1 



D. 

H. 

M. 


i>. 

U. 

M. 


New Moon ... 

... 4 

9 

27 

A.M. 

2 

9 

51 

P.M. 

First Quarter 

... 12 

12 

3 

A.M. 

10 

7 

65 

P.M. 

Full Moon 

... 19 

10 

56 

P.M. 

18 

10 

37 

A.M. 

bast Quarter 

... 26 

9 

52 

P.M. 

25 

4 

R 

A,M. 


The Planets. 


Mercury attains its greatest elongation (27° 6’ West) on March 2. 
It is in superior conjunction on April 15 ami in conjunction with the 
Moon on March 2 anil April 2, with Jupiter on April 9 and with Uranus 
on March 5. 

Venus continues an evening star. It attains its greatest elongation 
(45° 33' East) on April 24. It is in conjunction with the Moon on Maroh 
7 at 6-30 p.m. and April 6 at 5-30 p.m. and with Arietis on March 27. 

Mars which was in opposition on February 9—one of the most 
favourable oppositions—becomes stationary on March 21. It is in 
conjunction with the Moon on March 16 and on April 12 at 7-30 p.m. 

Jupiter is in conjunction with the Sun on April 1 at 7-30 p.m., and 
with the Moon on March 6 and April 3 and April 30. 

Saturn is stationary on March 11. It is in quadratnre on Maroh 31* 
It is in conjunction with the Moon on March 13 and on April 9. 

Uranus is in conjunction with the Moon on Maroh 2, March 29 and 
April 26. 

Neptuno is stationary on April 10. It is in quadrature on April 20. 
It is in conjunction with the Moon on Maroh 15 and on April 11. 

N.B .—The total eclipse of the Sun on February 3 is invisible in 
India. 


V. Rambbam. 
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SOLUTIONS. 

Question 541. 

(S. Ramanujan) :—Prove that 

___ ±. A. 

1 + 1 + 1 + 1 + 1 + 1 + 

Remarke by K. B. Madhava. 

Prym’s identity (Bromwich, p. 9, 3 and"17) 
x x* 


1,1,1. 1 , 1 1 2 3 

* r l-3' r l*3-5‘ r l-3-5 7^ 1 • 1 1 


...Vt* 


1 _ _ _ _ 

a a(a-fl)’ 1 ’a(a+l)(a + 2) + ti(«-fl)(a + 2)(« + 3) 

_ e * 1 . ~j 

La 1! a+1 2! n + 2 3 !|a+3.J 

Patting a = x = l, we hnd 

2 { 1+ ra + i33 + nF5 : 7 + - 00 } =V2e f 0 e ~ Xx ’ J dx ‘ 


+ 


’* e- x x°-> dx. 

o 


so that 


2\/2e J^ 2 e -* Jt y p ntt j n g x = t*\ 
o 


1+ F3 + l45+r3^7 + ' ■ = V2e / V2 C ~‘‘ 

o 


• •• 


( 1 ) 


Now consider the continued fraction 

1 1 2 3 4 5 


(A) 


1 + 1 + 1 + 1 + 1 + 1 +. 

which we know to be convergent (Chrystal, p. 525, Ex. 7) ; this can be 
transformed in various ways. 

The three following methods are given in Oskar Perron “ Die J-eJire 
von den Kettenbruchen.” (Tenbncr, 1913). 

(i) The first (pp. 294—298) gives at once the desired result of 
this example. 

.«> 

where as'is real and positive and/?>o; bnt when /?=0, let <f(a, o) = l. (3) 
Integrating (2) by parts 

4(«» /?)=*(<», £+l) + a*<Ka + l, /? + l), 


3 
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and a set of results follows snccessively, from which wo get (as in 
Chrystal, Ch. 34, §§ 20—22) 

4 (a,/ 3 ) _I, q s (/?+l)x (q + l )z (/?+2)x . 

<£(a,/?+l) 1+ 1+ 1+ 1+ — 

which is true except for a =0 or any negative integer. 

Putting 0—0 and inverting, we have with the aid of (1), 


1 a* Lx (a + l)x 2 x = w a jv 

1 + 1 + 1 + 1 + 1 + '” ’ 


-/ 


00 


e-"(l+*«) a du. 


(5) 


Now put l+.rn=xu in this Inst integral nnd then x=i we have; 

•* 

,-vj; 




dv ~lTL T3 


1 a+l 2 a+2 3 


( 6 ) 


c+ 1+ r + 1+ s + s+ £+... 

wherein the only conditions are s>o and a is real. 

This is n useful result nnd is also given in Legendre : Fonctions 
Elliptiques : Tome ii, Ch. 17. 

Now in this first put 

a = i, r = P ; s = V, 

and multiply the left hand side of (5) by L’. 


We have 


e 


V 


12 2 

. r < ’ 

1 + 1 + 1 + 1 + ••• 


/: 


This result is also given in Laplace, Celestial Mechanics, vol. IV, p. 257; 
nnd in Jacobi: Gee 11’erfce, Bd. VI, pp. 76 — 78. 


If wo simply pat E* = ^, wo get 

112 3 _ 

1+ 1+ 1+ 1 +.“V2cJ 


Combining (1) and (7) wo have 


oo 


VI 


• ~ f dt. ... 


IM 


(7) 


1+ ra + m + 


+J- JL 


2 3 4 


1 + 1 + 1 + 1 + 1 + 


•*“/. •-'*-vr.2S- 


Vr 


(2) In Uho second method referred to, M. Perron (pp. 380—392) 
s the same result by taking the corresponding ‘modified* 
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asymptotic scries and applies to this 'the general method for expressing 
asymptotic scries in the form of a«continued fraction. 

Bromwich (p. 267 and §§ 136—139) lias also the same discussion ; 
he shows that the series 

x —1! z*+2 ! a ?—3 ! x*+... 
which formally satisfies the differential equation 


• ■ • 


(H) 


ax 


(») 


has the the definite integral solution 

f°° 

y=\ — 

J ol +xt 


—tx 


dt, 


• • • 


... ( 10 ) 


( 11 ) 


and the solution in the form of a continued fraction 
_ x x x _2x 2x 3x 3x 
^ 1+ 1+ 1+ 1+ 1+ 1+ 1+ ••• 
which'is the same as (6), with a = 1 and 2 = 1. 

(3) The third method of M. Perron (pp. 469—472) is to be 
deduced from the >general result of expressing a function in continued 
fraction if it satisfies a differential equation: viz., 

If y = Qo2/'+Pi!/'' 

since the n th differential of this is 

y*") = Q rt ^'H ,, + P M+ .y«» +I ) 

O and P . — 1 >M 

Qn " 1-Q^’ n+ ‘ l-Q'n-l’ 

wo easily see that 


• • • 


• • • 


where 


... ( 12 ) 

... (13) 
... (14) 


*-Q.+ Ar A- P ’ 


• • • 


]f Qi+ Qi+ Q*+... 

where the P's and Q's are determined as in (11). 
If wo adopt this method for the function 


• •• 


... (15) 


,oo 


y=( 

J o 

by partial integration we have 


ux—b* 9 u a - 1 du 


... 


... (16) 


1 r cc 
= a/ 0 

= _±f CO 

* Jo 


ux-W 


(x—u) u du 


y'+ -V , 

a a 


... 




• M 


(17) 



20 


-■'nil hence differentiating (17) 


1! » x „ . 1 


a a a 


t.u. 

or generally 


'J=^y’+ 


l 


a + l J 1 a + 1 


I/'": 


y>- ~ x y , " +1 ’ 4. * ,.(»•> ?> 

a + » a-fn y 


- ( 18 ) 


i hercforc from the general (formula (15) 

1 1 
a + 1 

— X 


’J 


'/ = -jl , « 

n 


— x 


T7 + 


a + 1 a+2 
which can be transfurmeil into 

—-c 1 + 1/a q + 2 a +3 

a- -a + — - z+ 

by multiplying by a + 1 after the second term. 

If in this we put x = —& and multiply by a, we have 


Ml 


(19) 


/ 


X 


q + 1 q + 2 a+3 
+ fc + h+ t + -- a 


L 


x —n't— hi* q 


• • • 


( 20 ) 


u (1«< 


I fill this again, we put a =E = 1, wo fall back on (A) 

r x — h— hi* 

1+ _2_ 3 4 L ‘ ’ 


1+ 1+ 1 + ... r X 


which are familiar integrals. 


I * 

J o 


11 


• ( 21 ) 


lltl 


Question 593 . 

(S. Naravana Aitanoab, M.A.) : _Shew that 


x 


« + a+l + 12’a+2 + 


tooo 


is equal to 


— +— + .£ 1 ■», 
«+l a+2 T l-2a+3 


to 00 


x 


x‘ 


— ...toco 


a aia + 1) a(a + l)(a+2) 

1+a (a+l)(„+2j' t '(, I + l)( a+ 2)(o+3) 


— ...too,'. 
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Additional Solution by C. Kriehnamachary. 

This can be easily solved by the application of the method of finite 
differences. We have the equality of operators 

E = l + A. 

Hence 

l+xE+^’+... =1+^(1 +A)+^(l'+A)' + ... 

=(l+x+i.+ ...) (l+aA+z 3 ^-+...); 

X 2 

since if E (x) = l+a:+£-,+ -” , 


E(x)x E(r/) —E(x+y)] 


=e*(l + *A+g..A*+...). 


Operate upon the function-. Then 

a 


( I+ lB + ^+...)I=i+,E (I)+|E'(I)+... 


X .3? 1 .X* 1 


~a + a +l + 2 !a+2 + 3!‘ 


+ 2 3 !'a+3 


+ •• 


and 


e*(l+«A + ^.A J +...)I=e Jt .-^ (“) +2P^*(^) +•••) 

x (1 x . x% _ \. 

_C \a a(a+T)"a(u+l)(a+2) 

since A (1)=(E-1)I=JL-1 = -—Ly 
\a/ 'a a+1 a ci(a-f-l) 

A J (= A ( A ^ . J- and so on]. 

\«' \ \a/ / a(a+l)(a+2); 

Hence we have the equality of the two series 


a a+1 2Ta+2 3! a+3 + ‘” 


-'{r 


x j._ a L __i 

a(a+l)^a(a(+l)(a+2)^ 


(l) 


Pat a+1 for a, and we similarly have 

J_ + _i_+fL J_+ 

a +l + a+2 + 2! a+3 + "‘ 

_ c * r g+i_ g ._ 


f a + 1 _ g 4._ & _ ■) 

l 1 (a+l)(a+2)^(«+l)(a+2)(a+3)J 


( 2 ) 
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lienee from (1) and (2) wc have 
1 . - r } + 
a + i+l + 2! «+2 _ 

1 . * .a?' 1 


1_ z 

a /i(a + l) 

1 x 


+ -•- 


<i+l + n + 2 + 2 !'a + 3 + "‘ a + 1 (a+l)(a + 2 ) 


+ ••• 


Question 617 

(S. Narayasa Aiyab, M.A.):—If F(a, /?, y, x) denote the hyper- 
geometric series l + ^«+ ^±^^±11.’+ ....show that 

\ P(MPMl , (a-Hl)P(a + ^(^ f ) _ _gL_.F(a , ,/? , y t g) 
Zj 1 P(a)P(>?)l > (6 + r)P(y+')P(a-6-' +l) P(r+ 1 ) 

. a.a./? a(a-f l).a( a-f !)■/?(/?d-l) ^ ■ 

- 1+ T97i + w+i).y(y+TT i-2 

whero P stands for I”, and 

a =a-f /•; / 3'=/3 + r\ / = y+x. 

Examine the case when a=y. 


Solution by K. B. Madhavn. 

By comparing the co-efficients of x", we have to show that 

P(q + »)P(/?+»)P(q+ H)P(fc)P(y) 
P^)PC0)P(a)P(6+»)P(y+«)P(M+1) 
is equal to the series 

“ P(a -f»)?(# + ») P(y+0 x 

r=o p ( a +■+ r ) p (y+») p (»» -'+1) 

P (6) P(y)P(a -6+l)P(a + >)P(/? + /•) 

p(a)P(/?)P(6+0 p (y+0 p (‘>-fr-'-+i)iV+i) 

» P(a-V»)P(/? +n)P(fe)P(y)P(a-fe+l )__ 

ie ‘ P(y+n)P(a)P(/?)P(6+ >)P(a-6-r+l)P(r+l)P(»-r+lj '> 

henco it is required to show that 

P(a+n) _ y _ P(a— b+ 1)_ 

P(a)P(6+»»)P(»»+l) 0 P(.b+r)V(a— b—r+i).P(r+l)P(«—r-f 1)* 

Multiplying both sides by P(6)P(» + 1), wo ,mvo to show 

1 , (a—6)n . (u— 6)(o-6-l) »(»—l) q. ... m> «> ( U 4-11 terms 
L+ —b~-l + 6 ( 6 + 1 ) 1.2 

_(a + n — l)(a+»»—2)...(a + l)a > 

“(6+»-iy(6 + »*-2)...(6+l)6 ; 
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and this has been done in the solution to Q. 616 (J. I. M. S., Vol. VII, 
p. 195); putting b—a = k and b = l , we get, as required to be shown, 

+ to («+1) terms 

ri^ui+i)' 1.2 F K J 


_(l-Jc)(l-k+l)...(l-k+n-\) 
l{l+l)...{l + n-l) 


When a =y, the right-hand sideiof the given series reduces to F(a,$,6,x), 
while in the left-hand side F(a', /?', y', x) reduces to 


and therefere we get 


(l-x)-jff-r; * 


p ( o,;a »> =°i \ Jg)v(*- b ±i)?(/*_+A._»L (i-x)-^ r ] 

o\ p Cff) p (6+r)P(a-6-r+l)P(i-+l)^ ' ) 

which, after some manipulations, is seen to be 

= (l-z)"^.F 6,-^ ) 

being ono of the 23 other forms in which F can be expressed. 


Question 627. 

(K. V. Anastanarayasa Sastri, B.A.) Four spheres of radii a,b,c 
d intersect at right angles. Show that the volume of the tetrahedron 
formed by their centres is 

| a 6 c d (<r-*+fr*+e-*+i-*)*. 

Additional Solutions (1) by K. D. ifadhava and (2) by It. Vytliynathastcam y 

(1) Take for the equations of the four spheres 

^ + J/ , +s»—a*=0, 

and x 7 + y'+z'+2x,x+2y r y+2s r z— fc r =0 (/ =1, 2,3). 

By the conditions of the pr oblem 

x r *+yr , + 2 ’r*-^r = & , > c* or d* according ns r is 1, 2, 3. 
and k r —a? 

Let (\/A)s* x aj^+y x y^+ 2 K ^=A ( *\ + ) = a *. 

where \ is any of the quantities 1, 2, 3 and p. either of the other. 

The volume of the tetrahedron formed by the centres 


*1 

yi 

Zx 


w 

(12) 

(13) 


y* 

Z, 

_ 1 

6 

(12) 

w 

(23) 


y* 

Z » 


(13) 

(23) 




0*1 >- Oil 
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1 

G 


a’+6’ 

a’ 

a* 

1 

2 

1 

l+67«** 1 1 

a 1 

a+c* 

a’ 

=K 


a 1 

a’ 

a’+(PI 


1 l+e’/a’ 1 

1 1 l+d’/u’ 


abed ’• (Burnside nod Panton.lp. 299, Ex. 20) 

This is set as an exercise in Aldis’s Solid Geometry , p.’. 137. 

(2) The volume of a tetrahedron in terms of the edges isj given by 

| 0 1 1 1 1 

1 0 (12)’ (13)’ (14)’ 

144V*= 1 (21)’ 0 (23)’ (24)* 

1 (31)’ (32)’ 0 (34)* 

1 (41)’ (42)* (43)’ 0 

This is got at once by multiplying the determinants 


1 

0 

0 

0 

0 


, 0 

0 

0 

0 

1 


*1 

Vi 

r i 

1 

I 

1 

1 

- 2 -r, 

—2 yi 

“22, 

*»’+!/,*+2,* 


X* 

y* 


1 

and- 

1 

- 2 .C, 

-2 y. 

- 2 z, 

x a S + y* + 2,’ 

xS+yS+x? 

X% 

y s 

2 S 

1 


1 

- 2 -r, 

-2 y. 

— 2 s s 


x'+y'+z? 

Xi 

y* 

z, 

1 


1 

— 2 x, 

—2 y, 

— 2 .C 4 

w » , +y«*+®4' 


Putting in the above expression (12)*=a’-f 6*,(l3) , =a*+c\ eto. 
the resulting determinant =8E(6*c*rf'). (See Question 657.) 

Hence V =^a 5 cJ( -, a“*+ 6 _ 1 4 -c”’+d“’) a ’ 


Question 629. 

(S. Ramanujan) :—Provo that : 
co 

2 x cos (vTn*yi_-j*) 

n=1 ., V 2 +vrr, 

Vl-a 


00 


2 e‘"' ffH, ®Bin('ir»Vr= 
nd 


.T’) 
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and deduce the following : 

W 5+ 2 e~ m ' 

n = 1 


ao 


= V(5V5-10). 


+ 2 C- W "’ 
»=1 




Solution (1) 6y K. B. Madhava, (2) by N. Durai Jlojan , (3) by 

ill. Bhimasena ll<io. 

(1) The denominator and the second term of the numerator in the 
first problem are respectively given by the imaginary and the real 
parts of the integral 


r 00 e —*n(x—i'Vl— 

J o 

V-rr_1_ 


dt 


the ralae of which = XV^-Vl-zT? V(*-VI=S)' 

To separate the real and imaginary parts of this, put* = co3^ ; and 
it is easy to see that the expression is equal to 


i,i / l + a _ _ 

2+ -V 2 _V2 + Vi + a 

' ! Vt' 


VI— X • 


00 


CO 


Now, for (6) itn'e— wn’sw j t 7 e 

1 o 


■7lt 


dt 




- S .—-*/ 

8 J 

whence result (6) follows. 

(2) Let 

n = oo 

C = l+2 e” irw * aJ 

ntl 


2 V'TT- © 

00 —TTt* 

e 

o 


e 


1 _L V-TT— 1. 

4'Vw 2 “8’ 


cos (iTn’y 1 _a;>) 


S = 


■2 


--fTM* 


e 




sin ('TW -, \/l— a 1 ) 
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Substitute cos 0; 


C+tS = l+2^] 

- 1 +*S 

C—*'S = l+2^ 


— -nw f cos0 'TTn*.! sin0 

i t 

- H» , c“ ,e 

? ••• 

-*n»« , e’“ 0 


... CD 

... ( 2 ) 


IiCt 


r.c* 


_ K' ^ i0 

g=c K ■=« 

K' = .'e =! nyH) ,, T 

k" *(*) y ~ 

-.o_ ji(Xr) _»ky!-*•;* where **+a-'*= i• 

«KVi—**) *K fc ) 

A' ^ —*0 

7>= e A=« 

-10 _ A' 
e "A* 


an<l 


Wp see that A'=K anil A—K. 

Now . _ , 

C-iS = l + 2g+27 4 +2g*+... 

(See, Greenhill’s Elliptic Fns) 

• <• ^ 

c+iS =V5- 

/c+isy:A = K; = e «0 

VC+iSV K K 

• = e « 0t =cos 40 +* sin £0. 

C+tS 

Multiply inf? anil equating real anil imaginary parts, we get 
(1+cos .’0)S=C sin -J0; C(l-cos 40) =S. sin *0. 

/. C. sin ? = S cos. ^ 

4 4 

. ' c_ C0S ! e 

S"—0= cot 4' 
sin T 

4 

Replacing a=cos 0, we get the expression given in the question, 
n=co 

(6) ^ e~ m ' =i 

n=l 
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— 71 


~'b 


Let S be equal to the left baud side and, e 

so that ~ = 1 and k-k' --- 

K v 3 ' 

s=r^ ?l (tt/j 2 —j) 

=^(?+V+V+16 9 >*+...)-i(j+^+g , + ...) 

Now l+2g+2 2 ‘+...=../J£. 

V Att 

Differentiating with respect to q and remembering that 

log 5 = —nK'/K 

2+8 j'+18,'+...=j( » ) i JK 

(/fy 

2( ? +4g«+9g , 4....)=i H V gfK \ 

\ 2 7T K / dq ' 


Hence S = Limit of 


w} (rsK)' K*Vp-0 

Tf-U»] 

• • The expression within the square brackets is seen to be zero, 
(3) We know that f°° e -**2 cos 2 xf cft = 


— Z*. 


*• J e ^1+2 cos 2 xt+2 cos 4 xf + +2cos2 nxt^dt 

fl ” 1 

= ^U + H e" nV f- 

L 1 J 


The left hand side 


,*> 

ia 0 =r 


e - / • 8in ( 2n + 1 ) X ^ 

sin x/; 


-C flU* 6in(2»+l)(eft . Ja . ,, 

- J e —* /* . —^, by putting f for xf. 

Let n become infinite, the ralue of the integral is 

■J { H«’ 7r,/ “ J + .J, Bromwhich, Infinite Series. 

Ex 4, p. 447, 
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writing it x for x 1 , we get 



Both siiles me equal when x — \. 
Differentiating with respect to x , we have, 


2- 

l 



Butting x —1 

cm 

1 

no 

Zj e (» tt— i) —*• 

1 

In (1) write r (cos G+t sin 0) for x and wo sco that 


0 ) 


<x 


= + coS 9 . cos {»**, sin 0) 

1 

cus^- f cc 

_ “ , l u j —t§LX' —*»* —(cosG—t Bin0) 

-2vr + v> r 2 v e r 


where R (r) denotes the real parti of x ; 

0 

COS- OQ 

JrV -i»»ZLcos0+tY»’—sinO-^ 
2 -Jr \/r Zje r \ »' “/ 


0 

cos "2 , 03 Q 

* , 1 VI ** COS0 / - ft 

2yr~ + V r ^i e r ,co9 (n'^-sin©— 


• •• 


( 2 ) 



Put r = l, we obtain 
oo 

* /_je cos («-7i si 


1 


n0) 


= C03-^--{ o + > S^ —H 3 TTCOS0 
2 i " Zj^' 


f 


X 


1 


0 * 

4- sin— y — n ? 7Tcos0 . , , . 

2 Zj 4 -' sm^-nsm©). 


.cos(« 5 7T sin0) 


”nsin0). 


Writing * for cos 0, \/l— x 1 for sin 0, anil simplifying we got 


oo 


* + 2j — 11*71 X , , 

* j e cos(»i J 


cos(a , 'nxyi—x‘) 


x 


V2 + V1 + -C 

Vi—* 


,<7T X sin(»i J 'TTVl — *0 


(a) Let = 1,“L?«2; then 

1 l . Q 2 

r=-_, r cos 0 = -, r sm0 = -; 

5 5 


V5 

tan 0 = 2, cos - = 


V^ + l • 


00 


§ = 1 / 

2 5*V 2 

making these substitutions in (2), we have 

* + Zje~ u 5 cos ^ 2 M »Z ^ = 5< cos 1+ 2 e~ n ' m j • 

when n is not a multiplo of 5, cos =cos 7 ~-; when » is 

multiple of 5, cos^2n’ZL^ =1. 

® n^rr 

a + c ” 5 cos ^2 


=*+s «-»’f “^r+s^A-coB^)- 

1 1 v 5 / 
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1+2* =V5| 4+2*" T | 


»y (i) 


X 

*+ >!«- 


•• *+2 


00 

c 5 cos 

J 

1 


(”T ) 


=i (l-cos^Q + V 5cos -^| 4+ 2 


— 5 n*iT 


I 


co 

V' — 5» , '*/ 1 2-n\ 

+ 2° C 1- " 003 T ) 

X1 — 5 » a 7 T 


= (l-cos ^+v 5 - cos 5*) [ - + 2" | 




t+2* 

1 


— TTn' 


00 


l+coa^(v5-l) 1+ ( V 8 ~ 1 )’ 


5 ' cos ? 
8 


i+2e- W 

1 

= (io-2V5)^/v^n =V5 =v«v^5=a 

2 =V5V5-iO- 


4 


CO 


( 6 ) 




-mrx 


cosCirn^Vl—x % ) 


CO 


^ va+yi+. y,—■»’‘, i ,( < ,vi^. 
Vi-- ^ 


Since u ■ i °(^ r, ‘Vr=g) _ L ‘ VlT 

*=i *= l 


Vl-X 

we got, by patting »=1, 


sin (tth 9 Vi — g 1 ) 

Vl—** 


= V2. itn 9 


2 1 1 


cc 


Hence 




result already obtained directly by differentiating (1), 
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Question 665 . 

(R. N. A pte, M. A., F. R. A. S.):—Find the value of 

/JV-Sj + ll } "' dxd !) Whore : = c (] • and 

O J 

the integration is over the positive qnadrant of = 

Solution by K. B. Madhava and H . V. Venlcataramiengar. 
o* ds c*z , dz c*y 
S ^ + ^“”^ the & iveninte ^ ral 

= J rf*rfy» 

where the integration extends to all positive values of x-f y subject to 

the condition ^-+^-<1. Put E =a?/a l , 1 t)=y , /b‘ I ; 

a' 0 * 

I=c. (l+ C -=£ *+£=£ where E + ij<1 

1 Tc J ,/l V (•, c*_6» •) -. 

3‘ 4 c’-a’J ola T C + ~i ? V ^ 

Question 666 . 

(S. Ramanujan) :—Solve in positive rational numbers a? =y*. 

For example: x=4, y=2; x=3§, y = 2}. 

Solution by J. C. Stcaminarayan, M.A., and B. Vythynathaswamy. 

Put x=ky. Then y*=ky. 

y *-*=*. 

The solution will bo a rational number only if h is of the form 


*4 


y= ( 1 + i)"aud*=( 1 +i) ,,+ '. 


27 Q 

Whenn=l, *=4, y =2 ; when »=2, *=—, y=| w h en » = 3, 


* 81 ,V 27’ 

Thus infinite solutions in positive rational integers will be obtained 
corresponding to all the integral values of n. 


256 



32 


Question 667 . 

(S. Narayana Aitar, M.A.) -.—Establish the trnth of the following 
theorems: 

J. if F(y) = <Ky)-p 4(y+l)+^(j/+2)-^(y+3)+... 
then 4(y) = F (y)+p, F(y + l)+^y F(y + 2) + |^ F(y+3)+... 

2. If F(y) =4(y) — ^4(y + l) +—^ < J(?/ + 2) —... 

then 4 (y) = F(y)4-yF( ! / + l) + " (, |" 1) F( ! / + 2) + ... 

Solution (1) by J . C. Su'QTninnrayan y M.A, y and /?. Srtmvasan 

(2) by K.B. Madhava. 

(1) Lot E bo an operator which when applied to a function of y 
changes y into y+ 1. 

Then PW ={l-f, + «; + -^W 


—xK x 

= e 4(i/) 

4(y)*e* I ’ , F(y) 


( i.*E , x*E* x’E' ) WfA 

= ( 1 + T' + -2T + TT + . 


= f'(!/)+ I 'i'(y+i)+2-i F (y+2)+|>(y+3)+... 

Al»o F(y)= S l-^+" (n +- 2 1) 5'-.| i(y) 

= (1+E )-”*(»). 

+(y)=(i+E)"F(y) 

= | 1+j E +nfc±l}E'+... J P(y) 

= F(y) +^F(y +1)+'fci>F(y+2) +. 

(2) Substituting in the right hand side expressions for F (y) 
F (y+1) etc., in terms of 4 (y), 4 (y+1)...in the first part, we have for 
the co-officient of 4 (y+r) 

n{ 1 -r° + , c r- 1 }=° 

except in the case of the first torm, which is unity, whence the identity. 






33 


Substituting similarly, in the second part the eo-eflicieni of 4 ( y+r ) 
n (n + l)...(»+r— 1 )_ n »(n-f l)...(»-f r — 2 ) 

r! 1 * (r^lp: 

,u(n—l)n(u+ 3 ) _ 

12 (r— 2 ) ! 

which is the co efficient of x" in the product of (1 — x)~ n and ( 1 — x )" 
and is zero. 

The co-eflicient of 4 (y ) however is unity, ; hence the result. 


Question 677 . 


(D. Krisiinamurti) :—A chain of lenth l and mass M is coiled at 
the edge of a table. A particle of mass m is fastened to one end of 
the chain and the other end is gently let slip over the edge of the table. 
Show that the velocity of the particle immediately after it leaves 
the table is k V [2 gl (1-f fc*)/3], whefe i=M/(m+M). 


Solution by K. B. Madhava and Afartyn Af. Thomas. 

A particular case of this where M = m is given in Loney, p. 133 Ex. 11. 
[See also Ronth, § 150.] 

Prom Newton’s Second Law as applied to motion where the moving 
mass varies, we have 

d /M * \ M 

dt\T ) ~ g 'T’ r .0) 

To integrate this multiply by —xx , anil then we have 

1 /M • V M s x* 

2'\l ZX ) ••• (^) 


x = f. 


• • • 


... (3) 

Calling this velocity «, wo have by the principle of conservation 
of momentum, for the horizontal and vertical velocities' 

(M+m)o=Mu and (M+m)u>=Mw ... ... ( 4 ) 

v=hu and u>=fc*u ... ... ... ( 5 ) 


t.e. 


The sq. of the vel. when the particle has just left the table is 
v*+ic , =r(l+fc*)tt , =fjZ(l+ft*) from ( 2 ). 
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(Gamatram R. Jam) :• 
S„ 


Question 683 . 

•It'S, 19 pat fox- l r +2 r +3 r +,..»*■, prove that 


S, 


• • • 


S 


n— 1 


s, s. 


_ r (»T y 


^#1-1 


f» 


•an-a 


Solulun by K. B. Matlhava, A. Narasinga Rao, K. 11. Rama Aiyar 

and Martyn M. Thomas . 

Tins is just a particular case of the example line to Sylvester 
solved on p. 229 of Boole’s Finite Differences , (1880) and the given 
determinant is, as shown there, seen to be equivalent to 

,1 1 1 ... 1 9 


1 ,J 


3 


2* 3* 


n 


n 1 


1" 2" 3” 

and this is equal to the product of the squares of the differences 1, 2,...» 
taken with the proper sign. 

Hence D -| r2-3\..«" j 

It is also sliown in the reference ( loc. cit .) that 

S.v ^*41 


^*41 
‘5> , 4»l-l 


S*4J 

«,4« 


• • • 


• • • 


• • • 


Q 

°X4»I-1 


s 

s 


xAn-i 


* + B 


=(» !)*D 


Question 686. 

(S. Narayana Aiyar, M.A.\: — Establish the following identities :■ 

/:\ «(a+l)(ti+2)...(«i + H —1)_! j_ r a—b 
W 6(6+l)(6+2)...(6+>»—1) " 6 

, r («i-6)(«—6—1)_,_ j_(u-6)(a-6—l)...(a—6—»i+l). 

+ - t '’-(,(6+1) “ + "' +_ "6(6+1)-(6+..-1T ■ 

(a-6)(<i — 6 —1 )...(«— 6— »+l)_,_ 1x „ f , n a 

(u) -M6+H-... (6+n + l) 

p a(a+l) a(o+l)...(<t+»—1)^ 

+ " ’H6+1) > RS+l)...(6+i-TT / 
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(iii) F(a,& ) c,*)==(l-*)” a F 

the hypergeometric series, 

(iv) (v) and (vi). 





where 


F stands for 


Remarks by K. B. Madhava mid R. Srtnivasan, M.A. 

(i) is proved in the solution of Q. (616) ; 

(ii) change a intolfc —a in (i) and the result follows ; 

(iii) is proved in the solntion to Q.|(616) ; 

(iv) if in Q. (616) 4> (Q) = log (1-fa:), the result follows; 

(v) if in Q. (616) (x) = sin x and x = tt, the result follows’; 

(vi) . if in Q. (616) <p (n)s los x and x—it, the result follows ; 


In connection with (iii) the following algebraic proof extracted 
from the Messenger of Mathematics , Vol. XLIV, No. 8, December 1914, 
may be of interest. The proof is by Prof. M. J. M. Hill, University 
College, London: 


The righthand side is (1— x) a F ^ a, c— b,c,-^ ^ 


—a—2 


+ ••• 


+ 


q n(c — b)„ — ~ U 


n! c 


n 


Hence the coeff. of » n is 
a 


0X6 ( a+ l)n-i . gjjc ^b),,y (a-f 2) m _ 3 

^ l o V ; (»-l)! + 2! c, K >- ~^ 2 T~ 

...(—) w “"( c i ^l»' 

I ^ 




_ a n 


n\c„ 


ii— a 


nr { c*-«c,. (c-&)(c+l)„_,-f uc^c-b), (c+2), 

+ ...(-)"(*-&)„} 


The (r-f J) th term in brackets is 
(-) r 7ic,(c—b) r (c+r) n ^ 

= (—X) r nc r (c—b)(c—b—l)...(c—b+r—l)x 

(c + r)(c-fr-fl)...( c -f M —1) 

«=«c r (6-c)(6-c-l)...(6-c-r-fl)x(c-fn-l)(c+n-2)...(c + r). 



SO 


If wo!now adopt, ns'in the statement of Vandermonde’* theorem, 
an abbreviation for a («-l)...(a-r+l),lsay so that V’s theorem 
cnnibo written 

n 

(a + b)n = y]»c^^> n . r 

r = o 

we have for the (v+l)* fc term in brackets the expression 

»ic r (b—c) r (c + n —l)„_ r 

nml therefore by Vandermonde’s theorem, the whole expression in 
brackets 

= (b — e-f c + » — l)n 
-(h+n — 1 )„ 

= (b+n-l)(b+n-2)...(b + l)b. 

— b„, in the notation of this paper, where thronghont we have 
adopted for abbreviation r„ fore (c + l)(c + 2)...(c + » —1)> 

and therefore the eoeft. of a;" is fl-P which is the coeft. of z"in F(a,6,c,:r). 

n ! c n 

Thus the identity is demonstrated. 


Question 696. 


(S. Kririinasawmi Aitakoar) If p. bo the latera-recta of the 
parabola and rectangular hyperbola of closest contact with a enrve at 
any point, prove that 2\p = [L*. 

Solution by Jl. Srinivasan , M.A., Martyn Thomas and K. B. Madhava. 
With the usual notation, in a parabola 


SP_SY 
SY SA 


=sec 



SPr=SA soc*4>. 

/0=2asec*4. (SA = a). 

Also in a rectangular hyperbola, 

/>=§£. §y= 8M *. CD CY =“’. 


where a is the semi-axis (or semi latus-rectnm.) 

a 

.. p = a sec u <p. 

\ =2p cos*4 nndJp.:= 2/0 coa*$. 

2\p=fi\ 
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Question 703. 

(N. Savkarx ,Ait.vb, M.A.) :— If AP is the syramedian through A ( 
prove that 

E { 6 *+c*)(AK. KP)> =3a»6’c*/(a , +6 1 +c*). 

Solution by B. Srinivasan, M.A., K. B. iladhava, R. D. Karve 

and L. N. Subramanian. 


Let the distance of K from BC be x, and the attit ude AD bo p. 
Now BP: PC:: c J : b \ 



t.e. 

Again 


and 


6 * AB 1 -fc , .AC*=6'.BP ) + c *CP J +(6*+c*)AP*. 

a pa — a*y 

ib'+c')' 

KP _ x _ 2aA/(a t +h , -bc t ) 

AP p 2 A fa 

a’ 

a’+h’+c* 

AK_ b'+c* 

AP a’ + h' + c 11 ' 


AK K P = AP*. 

(a*+ 6 *+c*)*. 


• • • 



aW 


(W) AK.KP= ( - i ^- i?( 2 6* + 2c»-a*). 
E { (*+<■) AK KP } = 


Question 704. 

(S. Malhari Rao, B.A.) :—If the snm of a nnmber of 3 digits and 
the number formed by reversing the digits be divisible by 37 , the sum 
of all such pairs of numbers is 480x37. 

Solution by S. V. Venkatarayasastri, M.A., LT. and R. D. Karve. 

If a, b, c be the 3 digits, the sum of the number and the number 
formed by reversing the digits = 101 (a+c)+ 20 &. 

If this is divisible by 37, the values of b and a+c are the 9 pairs 
1,2; 2, 4; 3,6; .9, 18. 

Taking the first set of values 1, 2 for b, a+c, we get 210 and 111. 
As these do not give us a pair of 2 numbers satisfying the given con¬ 
ditions, we reject them. 

Talcing the set 2, 4, we get 2 numbers, omitting numbers 420 and 
222 for the above reason. Their sum = 222 x 2. 

Taking the set 3, 6 , we get 4 numbers or 2 pairs. Their snm=333x4. 
And so on. 

The sum of all such pairs=222 x 2+333 x 4+ 444 x 4+...+888 x2 

=480 x 37. 



38 


QUESTIONS FOR SOLUTION. 


725. 


bat that 


728. 


(K. B. Madhaya) Show that 
r ^ ar' dx 

I_converges, 

J 1+x 9 sin’x 

f°° _* ^-diverges. 

J 1+z* sin 1 x 

(K. B. MadhaVA) Shew that 

2 { 1 ^ 4 )}’= 6 - 

n = 1 


» 


ami that 

l» ') , = r A-(lU807i>-lG575). 

r(«+5)j l ~* 

727- (Communicated by Mr. P. V. Seshu Aitar) Three persons 
A, B, C had a, b , c mangoes respectively. A gave B and C -. &nd 

c(c4-l) mari g oes respectively out of what he had; then B gave C and A 

similarly; and finally C gave A and B similarly. It was found that 
A, B, and C had the same number of mangoes ultimately. How many 
had each at first ? 

728. (K. Apiokottan Krady, M.A.) :—If u-=(abcfgh) (xyz)Vshow 

that 

u” dx dy dz 

taken throughout the space bounded by u=l, is 

2 » + 3 

where A is the discriminant of u. 




729. (K. Padmanabhulu, B.A.):—If the earth were to break np 
into nn indefinite number of fragments at any point in its course round 
the sun by any sudden explosion, prove that all the fragments ipept 
again at the same point; and that at the middlo of the interval between 
tho explosion and junction all the pieces will be moving with equal 
velocities in parallel directions. 

730- (S. Krishsaswami Aiyaxoar) :—Shew that the loons of the 
orthopoles of tangents to tho maximum inscribed ellipse of a triangle is 
a straight line through the ortho-centro. 
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that 


731. (S. Kribhkaswahi Aiyangab) In a spherical triangle prove 


Sin a 


cosec a 


sin b 


cosec b 


sin c 


cosec c 


| cosec 3 a cosec A cosec 3 b cos B cosec 3 c cosec C I 
is equal to 

cosec 3 a cosec 2 b cosec 3 c (cos a-cos 6)(cost-cos c)(cosc-cos a)x 

(1—cos o—cos 6—cos c). 
What is the corresponding formula in a plane. 

; 732. (R. Vythynathaswamy) There are two kinds of elements 

a, /}, so related that n elements of either kind determine uniquely an 
element of the other kind. Prove that the aggregate of each must be 
n-dimensional. Further, supposing 

/? r to be the a-element determined by (a fI , a rtJ ..,a f „,) 

(r= l,2...»-f 1) 

0 P , r the element determined by (a^.a^.a^, a/ , r+1 ... ; a,„ +I ) 

_ (j>=l,2...») 

a, the element determined by (/?„„/?,./?„, r ) (r=l,2...« +1) . 

shew that if the (»+1) elements /}, determine the same a-element, then 
the (»+]) elements a r determine the same /}-element and conversely. 

733* (R- VYTHTNATEA8WAMY) :—Required a definition of continuity 
which does not involve the idea of number; also a definition or explana¬ 
tion and not pre-supposing parameters of ‘ dimension’ as applied to a 
dense aggregate of similar elements. 


Does the idea of dimension involve the idea of continuity or even 
that of being dense? 

Is the aggregate of all numbers, real and complex, to be regarded 
as one-dimensional or two-dimensional ? 

734- (j. c. Swaminarayan, M.A.) :-Solve the differential equation 

b ') %+*y =v*v+«y-w. 


735* (Selected) :—A, B, C, D, E represent' the entire circumfer¬ 
ences of a curve and its successive pedals. If 0 pertains to an ellipso 
having its centre at the pedal origin, show that 

B(B+D)=(2C-E)(3C—A). (M.A. 1903, Madras.) 

736. (R. Srinivasan, M.A.) :—Shew that the common tangent to 
the nine-point and inscribed i circles of a triangle ABC cuts the sides 
a, b, c in the ratios 

a—b b—c c—a 
a—c* b—a* c—b‘ 
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737 (E. H. Neville) :—A. continnoue function of position / whioh 

is nowhere negative is defined for every point of a closed plane carve C 
which does not extend to infinity ; m is a positive nnmher, and B m is the 
region of the plane containing every point whose distance from some 
point of C is less than m times the valne of / for that point of C (in other 
words, a circle is described round each point of C with radius mf, and a 
point belongs to B,„ if it is in the interior of one of the circles) ; shew 
that if C has everywhere a definite tangent and a finite curvature and 
if »i is sufficiently small, the area A„, of tho region B m is 

2 mf { cos a-1 fids') sec a > fde, 

where a is tho angle between -lit and** whoso sine is m df/de, and 
the integral is taken along C. Find a corresponding expression valid 
if C has end-points, and further shew that if C is composed of any 
finite number of distinct arcs and has cusps, multiple points, and vertices, 
then provided that these singular points and the end-points are finite in 
number the quotient A*,/2m tends to fde as m tends to zero. 

/x — x x — 2z 3z* —3* , 

738. (S. Ramanujan) If * (x)=e c +2f e + 

4V -4c 5V -5x , 

"5T + ^r e 


show 

*> 1 . 


that 4(.e) = 1 when x 
Find the limit of 


lies between 0 and 


4(l-f E)—4(1 ) 
E 



and 4(*)=fpl when 


as E-»0 by positive values. 

739- (S. Ramanujan) Show that 


f 


00 —MX 2L 

. c (cot x-fcoth x) sinHxdx = 2 1 


1 + e 




i- 


_'TT 


it 


for all positive integral values of n. 
740. (S. Ramanujan) If 



where [x] denotes the greatest integer in x, show that 4(x) is a con¬ 
tinuous function of * for all positive values of x and osoillato9 from 

ZL to —— when x becomes infinite. Also differentiate 4(x). 

3 6 
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Stability and Oscillations of Plane Kites. 


By J. M. Bose, M.A., B.So. 

1. In the Bulletin of the Calcutta Mathematical Society, Vol. II 
Pfc. 1, I showed that the investigation of the stability and small oscilla¬ 
tions of a plane kite, can bo reduced to that of the roots of a certain 
cabio. But the results obtainod in that paper were based on the assump¬ 
tion that the tension of the string acted at a point on the axis of 
symmetry, whoso distance h from the origin remained constant during 
the small motions which were impressed. It has recently been pointed 
out to me by Prof. Bryan, that that this condition does not ns a rule 
hold good, and if the variation of h be taken into account, the condition 
of stability would be somewhat different from those given in that 
. paper. 

In the present paper it is proposed to remove this restriction, and 
to give a more general investigation of the conditions of stability of 

piano kites. 

Take the centre of gravity of the kite as origin, and as moving axes 
take the line joining tho "head” and the “tail” (»'.e., the axis of symmetry, 
as y-axis, and a lino lying in tho plane of the kite as x axis, and finally 
a lino perpendicular to them (*.«., perpendicular to tho plane of the kite) 
as z-axis. Tho axes are thus fixed relatively to the body of tho kite and 
aro moving with it. 

Lot A, B, 0 bo tho moments of inertia, u, v, ir, 0,, 0„ 0„ the linear 
and angular velocities of tho kite. The products of inertia evidently 
vanish since the kito is assumed to bo a plane with an axis of symmetry. 


Let us suppose that initially the plane of the kite is vertical; and 
let its plane bo rotated round tho axis of symmetry through an angloip } 
this brings tho axis Oz to the position Oz,; in this position let the plane 
of tho kito bo again rotated round Oz, through an angle 6, and finally 
lot tho plane of the kite bo rotated round tho *-axis (in its new position) 
through an anglo 'p. 


Tho generalised angular oo-ordinatos 0, <p, i|>, aro connected with the 
angular velocities 0„ 0* 0* by tho following Euler’s geometrical 
equations 


^ • 

0,=^+x|> sin 0 

0,=6 sin 4+4 1 cos G cos <p 

0 # =$ cos 4 —cos 0 sin <p, 
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The impressed forces on the kite are 

(i) the air resistance which (in the case of planes,) may be 
taken to be a single force R, acting at a point on the axis of symmetry 
called the centre of pressure. Lot its co-ordinates be (0, if, 0). 

(ii) the weight W acting at the centre of gravity ; its direction 
cosines with reference to the moving axes being sin 0 . cos 0 cos 4 , 
cos 0 sin 4 . 

(iii) the tension T of the string, acting in directions whose 
cosines are l, m, n at the instant under consideration. As a rule, the 
string bifurcates at a point, and the two parts are attached to two 
different points on the axis of symmetry, but we can always replace the 
two tensions by their resultant. Lot the co-ordinates of the point of 
application of this resultant be (/,A,o). 

We shall for the present suppose the string to be very long (almost 
infinite) so that during the small oscillations of the kite the direction of 
the string in space, as well as the magnitude of the tension, may both 
be assumed to be absolute constants.* The case of finite string will bo 
dealt with afterwards. 

If X be the inclination of the string to the vertical, supposed cons¬ 
tant, then it can be easily proved from considerations of elementary 
solid geometry, that the direction and point of application of the 
tension are given by 

l— — (cos X sin 0+sin X sin ip cos 0) 

TO = —cos X cos 0 cos 4-f sin X (cos tj, sin 4 +sin ijj sin 0 cos 4 ) 

» = — cos X cos 0 sin 4 +sin X (cos 4> cos 4 —sin iJj sin 0 sin 4 ) 

(sin 0 -fi.cos 0 sin 4 ^ 

k=A © 8 —( cos 0 cos 4 + — cos 0 sin 4 ^ 

Bin X \ n ^ J 

h 0 being tho initial value of h, and the quantities /, m, n,f t h aro referred 
to the axes in their new position. 

LetX,Y, Z be tho components of tho total force, L, M, N their 
moments about the axes, and T the constant tension of tho string, then 
we have 

X=TI+W sin0 
Y =Tm—W cos 0 cos 4 
Z=T»-f-W cos 0 sin 4 —R 
Le=AT»—-nR 
M - -/Tn 
N=T (fm-hl). 

"lam indebted to Prof. Bryan for thu mgcMtion. " ---- 
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1 n the position of equilibrium lot the piano of the kite make an angle 
t with the vertical, t.e., the plane of the kite is rotated through an 
angle 4 0 round the z-axis. Since the position of the old *-ans is 

unchanged, we have initially 0=0, + =0, 4 = < to 

Now all the variables involved in the small oscillations are 

functions of 0, +, 4». only. Hence, it follows from the above, that 
initially 0, iji,/,?, are zero, and in the subsequent motion they remain 
small quantities of the first order. 

Also, for small values of 0 and 4*. have 

1 = — 0 cos X—4* sin * 

7/1 — —COS <£ + X 

n=suT++% 

/=h o (0 cos to-il* sin <4o) 

h=h sin f«j2. X 

sin d + X 

The conditions of equilibrium are 

X„ =T/„ = 0 

Y 0 =Twi 0 — W cos <P o =0 
Z„=T» 0 +W sin 4> 0 —R o =0 
I J 0 =A 0 , l'n 0 — tj o R o =0 
No=/o"<o-Mo = 0. 

2. Equations of Motion: —With the axes takon as above the equa¬ 
tions of motion of the kite are 

M (SS+io0,—wO.} = X=Tf-f W sin 0 

\dt / 


M (^+u 0,-u>0,) =Y =Tm-W cos 0 cos <f> 


M ( dw 


l 'i!f+ t ;0 l -u0 J > ) = Z=Tn-f W cos 0 sin $-R 
\dt / 

A0, + (C-B)0.0. = L=/iT«-tjR 

B0, + (B - A)0,0, =M = —/T» 

C0 f +(A—C)0j0,=N=T(/m—M). 

The quantities whose variations determine the small oscillations, are 
the velocity components and the co-ordinates /, h, tj. We have already 
given their values in terms of 4, tj> li ud X. Henco to find the variations 
of/, h, tj to tho first order, we put sin 0=0, Bin +=4»» '♦’-‘f’o+e and 
also assume u, v, tr, 0, Ac., to be small, so that their squares and 
products may be neglected. ____ 

t Throughout this paper zero euffixes are used to denote the initial value* of 
the quantitiea involved. 
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Hence substituting these values and simplifying, we have 

Mu =—T(0 cos X+jJ, sin X) + W0 ... ... ... (1) 

Mv = — T cos<to+X—W cost o+€(T sin <* 0 +X-f W sin + 0 ) ... (2) 

M«c= T sin sin Rq+ 

€ (T c os t 0 + X- fW cos <fr 0 )—$R ... ... (3) 

AQ,= fto T sin4 0 +X— R 0 St) c — i^SR ... ... (4) 

B0, = —^0 T (0 cos 4 —+ sin <M sin <*o+* ••• ... (5) 

C0 t =A o T (0 sin $+4* cos 4 ) sin <fo+X ... ... ... (6) 

The terms underlined disappear, since (as can be easily proved from 
elementary statics) they are conditions of equilibrium. 

3. Resistance derivatives. We have next to find JR and § vj. Tho 
resistance experienced by a lamina moving throagh air, is a function of 
the velocity of the air, and also of the inclination of its plane face 
(called the “ angle of attack ”) to tho horizon, in steady motion or equi¬ 
librium. Hence if V be the volooity of air and a the angle of attack, 
we may write 

R = R (V cos a, V sin a)=R (t> 0 , u> 0 ) say, 

the functional notation R on the right hand side boing at present arbi¬ 
trary. When tho velocity components u, t>,...0, are impressed, we have 
Rj-f gR=R(u, v 0 + v, u>e+u>, 0i. 0*> 0*) 

8R=uR a -4-*Rt>*h u, Rw*t*0iRi*f'0>Ri“h0»Ri > 


If the kite is strictly a plane surface with an axis of symmetry, tho 
ralno of R cannot bo affected by any reversal of u, 0„ 0,; 
hence R u = R, = R,=0 


where R„, R, etc., denote tho values of 


9R, <m 

du 00! 


etc., in equilibrium. 


Thus 5R=»R t) -f icRtp-f 0,R, ... ... ( 1 ) 

The values of R„, R w , Ri, will of coarse depend on the actual law 


of resistance assumed, and it is usual to assume that tho resistance is 


proportional to tho square of the velocity and also a function of tho 
angle of attaok. 


Let ns assume then 

R=KSVY(a) 

K and S being constants and when v, to, 0i are impressed the component 
velocities of any element S,I whose distance from the z-axis is y, become 
e 0 +* and u» o +u»+y0|. 
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.*. R o +5R = KS[V , +2 l .-u o +2«r o (u:+!/0 1 )][/(a)+8af(a)]. 


also 


tc 


tan a 


n 


see’aga “""Suo 


V 


Vi 


Now remembering that c 0 = V cos a, ur„ = V sin a, 5u> 0 = u> +j/0„ 
&v B = v, we have 


$a = 


(u>+j/0i) cos a — v sin a 


and on equating coefficients with (1) 

R v = KSV [2/(a) cos a — f(a) sin a]... ... ... (i) 

R U . = KSV [2/(a) sin a+/(a) cos a]^ ... ... (ii) 

R 1 = KSV [2/(a) sin a+/(a) cos a] y ... ... (iii) 

whore y =E(yS). 

To find the change in TjiiJ. We assame 

T)-c'4(a) 

whore c is a quantity depending on the linear dimensions of the kite. 
We have also 

tjR =/i)d R < 

where 7 ) is the C. P. of an element dS, the thrust on which is dR or 


KV*f(a)dS. 

When additional velocity components are impressed, a bocomcs 

a + $a and V becomes 

(7 cos a-f v)’ + (V sin a-ptr-f y0i)’» 

hence negleoting squaros and prodnots of small quantities 

t} 0 $R+!{*$*)= T|o(uRo+wRtp+0iRi) 

IU'd,'<a) . - 

+-r—- (u> oos a — v sin a+»/0, cos a). 


Wo have also from Euler’s goometrioal equations, since 0 is small, 

9>=<p=€ 

When these values aro substituted wo shall havo six linear differential 
equations of the first order to determine the motion completely. 

4. It will now be noticed that, the equations (1)...(6) of the previ¬ 
ous nrticle aro separable into two groups, the system (2), (3), (4) 
determine the oscillations of the kite in the y z piano, while (1), (5), (6) 
determine the sideways rotations and translations. 

Equations of symmetric oscillations : When the abore values of §R 
and 5 1 ! are substituted the system (2), (3), (4) becomo 
Mu=€(T sin + 0 +X-f W sin <J> 0 ) 

Mu>=—uR^,—wR w —0jRj 

A0, = — i} o («Rt.+« , Rw+0iRi) 

ooa a— v sin a •fy'Oj cos a) 


_R 0 c'4>'(a), 

-v—(“> 
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and to solve this system we assume as usual 'v, ic, £ proportional to 

and eliminate the variables v, to, £. The determinantal equation in 
\ is reduced to 

a\*+b\*+c\'+d\+e=0 ; 

since T sin <#>o + X-fW sin ^o = Rv 

a = AM* 

= cos a+ifoR,^ * AMR„ 

c = M° R„ cos a(yR u . - R,) 


«* = M (i}„R u R t . -R/_V(«) s in a ^ 

e = — ~e'$'(a)(R w sin a + R^, cos a). 


Asymmetric Oscillations: Here we have the three equations. 
M«=TJ+W0=0(W—T cos X)—4*.T sin X 

B0a = — /T» = —h 0 T sin $ 0 +X (0 cos <f u — sin<k>) 

C0 a =T(/m— hi) = — h 0 T cos 4o+* (0 cos *£ 0 —4< sin 4v) ; 
we have also from Euler’s geometrical equations, since 0 is small, 


0=0j sin 4o+0 s cos <f v 
4>=0* cos ■£„—0 8 sin <&,. 

If we differentiate the above three equations, and substitute these 


values of 0 and ^ we get on slight simplification 

\_ 

M u=0,(W sin 4o—T sin <fc,+X)+0,(W cos <£ —T cos 4 0 -t-X) 
=/ J »0»-r P&$ say 
B0 g =/» o T sin <to+*' 0 S 
C0,=AgT sin •j o +*-0i» 

and to solve this system, we assume as before u, Q lt 0 s , proportional 
to and the determinantal equation in \ is 


MX* 

0 

0 


-Pi 


h 0 T sincfo+X 


Pi 

K T sin <* 0 +X 
-CV 



»*.«. V(BCX‘+V T* Bin>4> 0+ X)=0. 

5, Conditions of Stability. The dependence of stability on the roots 
of theBe equations will be found fully discussed in Routh, vol. II, chap. vi. 
For stability, the real roote or the real part of the imaginary roots 
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must be negative, and this will be the case, all the coefficients being 
finite, if a, b, c, d, e and (bed—cb 1 —ad?) have the same sign. 

It follows, since a is positive, that all the coefficients should bo 
positive. 

First of all, we notice that if in the equations for symmetric 
oscillations, we neglect the displacement of the centre of pressure, and 
the position of equilibrium be such that the string passes through the 
centre of gravity, then all the coefficients in the biquadratic with the 
exception of the first two vanish, indicating lack of longitudinal stability. 
This result has an important application to aeroplanes.f 

If the displacement of the centre of pressure be not neglected, then 
we have, since R w sin a + R v cos a =2 KSV/(a), 

e = -^V(a)-2KSV/(a> 

which shows that for stability 4 ' (a) must be negative, or the centre of 
pressure must move forward as the angle of attack diminishes. This 
condition is satisfied in practice. 

With regard to lateral stability, we have obtained the equations 
on the assumption that the resultant tension does not intersect the 
axis of symmetry. But if the string simply bifurcates into two 
branches, then it can be easily proved from considerations of elemen¬ 
tary statics that the string always intersects the axis,of symmetry. 

Let II be the point of bifurcation and E the point where the string 
meets the ground. Let the two points of attachment to the kite be (J 
and D. Now if the direction of the string be fixed in space, then H is 
a fixed point, and the three forces acting on it are the three tensions 
HC, III), and HE; and for the equilibrium of H these must lie in one 
plane, or EH produced must intorscct CU. 

In this case M=0 and N = — KYI; and it can bo easily proved in 
the same manner as before that the coresponding equation in \ is 

\ o 

a biquadratic with two zero roots. 

We conclude, in any case, that in strictly plane kites latoral stabi¬ 
lity is impossible so long as the centre of pressureildoes not deviate 
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from the axis of symmetry*. There are several other facts which yet 
remain to be explained, namely the peculiar behaviour of the kite when 
the wind velocity changes and the necessity of adjusting the two 
lengths HC and HD properly. To discuss these cases it will be necess¬ 
ary to take into account the variation in the magnitude and the direc¬ 
tion of the tension. The next paper will be devoted to the discussion 
of the case of longitudinal stability with finite string, and explanation 
of some well-known facts connected with kite-flying. 

I have to thank Prof. Bryan and Mr. Berwick for many valuable 

suggestions. 

(To be continued ). 

, 1 J.“ P™ 0 . 110 ® * h ° lateral stability is inoroased by the bonding of the plane 

of th* kite under wind pressure. H 
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SHORT NOTES. 

The Mathematical Association of America 

On December 30 and 31, 1915, there was held at Columbus, Ohio, 
the organisation meeting of a new national mathematical association, 
the call for which had been signed by 450 persons representing every 
state in the Union, the District of Columbia, and Canada. The object 
of the new Association is to assist in promoting the interests of mathe¬ 
matics in America, especially in the collegiate field. It is not intended 
to be a rival of any existing organisation, but rather to supplement the 
Secondary Associations on the one hand, and the American Mathemati¬ 
cal Society on the other, the former being well organized and effective 
in their field, and the latter having definitely limited itself to the field 
of scientific research. In the field of collegiate mathematics, however, 
there has been, up to this time, no organization and no medium of com¬ 
munication among tho teachers, except the American Mathematical 
Monthly, which for the past three years has been devoted to this cau9e. 
The new organization, which has been named the Mathematical Associ¬ 
ation of America, has taken over the Monthly as its Official Journal. 

There were 104 persons present at the organization meeting. The 
constitution and by-laws together with a full report of the proceedings 
will be published in the January issue of the Monthly. The following 
officers were elected : 

President, Professor E. B. Hedrick, University of Missouri. 

First Vice-President, Professor E. V. Huntington, Harvard 
University. 

Second Vice-President, Professor G. A. Miller, University of 
Illinois. 

Secretary-Treasurer, Professor W. D. Cairns, Oborlin College. 

Publication Committee, Professor H. E. Slaught, University of 
Chicago, Managing Editor, Professor W. H. Bussey, University of 
Minnesota, and Professor R. D. Carmichael, University of Illinois. 

These officers, together with the following, constitute the Execu¬ 
tive Counoil: 

Professor R. C. Archibald, Brown University. 

Do. Florian Cajori, Colorado College. 

Do. B. F. Finkel, Drury College. 

Do. D. N. Lehmer, University of California. 
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Professor E. H. Moore, University of Chicago. 

Do. R. E. Moritz, University of Washington. 

Do. M. B. Porter, University of Texas. 

Do. K. D. Swartz el, Ohio State University. 

Do. J. N. Van der Vries, University of Kansas. 
Do. Oswald Veblen, Princeton University. 

Do. J. W. Young, Dartmouth College. 

Do. Alexander Ziwet, University of Wisconsin. 


Note on Partial Fractions. 

1. Lemma .—Suppose \ is a root of the equation 
<K*)=ao*" + Or*" -1 +.+ a„ = Oi 

then any fraction /(\)/F(\) can be reduced to an integral expression 
of the (»—l)'* degree in \. 

This is known as Tschirnhaussen’s transformation and is explained 
in books on Theory of Equations. The following method of proof may be 
of interest. 

By the method of continued fractions the fraction <£(\)/F(X) can 
be written in the form 


A+ 1 JL 
° + aT+a,+ - 

where the A's are functions of X. If the penultimate convergent to the 
continued fraotion be P/Q, we have 

P.F(\)-Q-4(\) = ±L; 

so that P.F(\)=±1, or/(X)/F(X)=±/(X).P, 

which is an integral function. Evidently, this integral funotion can be 
written 


<KMQ'+R 

by division by $(X), where R is of the (n-l)th degree in X. 

Hence,i the given fraction 

/(X)/F(X) = <KX)Q' + R = R, 
which proves the Lemma. 

2, To reduce any expression 

4* (g) 

11 t«M»)] 

where the denominator oonsista of different real integral faotors <t> (x) 
we proceed thus: 


Put 


«Kg) Wi¬ 

fi [$(*)] L <f> (*) J ’ 


••• ... ( 1 ) 

and multiply both sides by <p (z) and afterwards write X for x, where X 
is a root of 4> (*) =0. 
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Then by the foregoing Lemma, the left hand side can be reduced to 
an integral function R of a degree lower than d (x ); and the right hand 
side will be 4, (V). 

Hence R — $1 (M J 

Tn other words, the numerate 4, (x) of the parlial fraction corres^idxng to 

4 (x) is the transform of the given fniction after multiplication by i (*)• 

3. As an example consider the case of the cubic 

4 (i)=x , +p2 , +J I + r ' 

and the corresponding numerator ?x*+Qa+R. 

Write f(x) for the left hand member of (1) multiplied by i(x). Then 

the values of P, Q, R may also be directly obtained by the following 

artifice. . 

Let a, /?.y be tho roots of jj*+pi’+7*+ f=0 * 80 that 

PaN-Qa + R-/(a)=°. 

r/?‘+Q/?+R-/0ff)=o, 

Py , +Qy+R-/(y)=°; 

solving these for P, Q, Ri we 6 ot 

P Q R _ - 1 


l a /(a) 

> 

1 

a* 

/(a) a 

a* 

/(a) l a a 

i a m 

1 

/?’ 

m t 

P 

KB) l B B' 

l y /(y) 

1 

y’ 

/(y) ly 

y* 

/(y) i y y’l 


The nrsi» inrw —- * • 

qnotients being symmetric functions of a, B , V «« readily «pros.ed m 
terms of V, q, r . Any of the first threo determinants can be oxpandod 
by Maclaurin’s theorem and tho result expressed in a series thus: 

1 a h a ) 

. . . =I(D r ), 


1 a a r 


1 a a* 


whcro 


D,-QS 1 B B' l-S^Gpx 1 B B' 


r \ i 


l y y’ 11 r v* 

p=_Ercw s _,i 


Hence P = - E [vT 

where s^,=«nm of homogeneous products of a, B, y of (r-2) dimen- 
6ionB - M. T. NlBAXllMQiJU 
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Newton’s Theorems 

1. Let 6,= aa , +6^ , +cy'+... 
where a, /}, y...are all the roots of the equation 

/(*)= x n - Pl z'-'+p, 2 **—* .(-1)* 4 p H =0 . (1) 

and a, b, c are any given numbers. 

Multiply (1) by s"*-", and substitute a, /}, y...for x in succession ; 
multiply the results by a, b, c...in order and add. We have 

•m-Pi »m-* .( — l"'*m-« = 0 [»«>»»] ... ... (2) 

which is an extension of Newton’s first theorem. 

2. When wi<«, wo find 

*tn~~Pi *»»—»••• “( 1 ) (Pm = 0 » ... ( 3 ) 

whore q m denotes the sum of products of the roots with coefficients equal 
to the sums of a, b, c...corresponding to the roots not occurring in the 
product. 

For, by the above process, 

*n-\—Pl *n-l + Pl .( — 1)= 0. 

But i>„*_i = a/?y...(aa-*-f & / 0- , -j. c y- I +...) 

=a/!yS... + bay... + ...=q n _ l . 

Similarly 

f , i3„-s+ •••( 1) ”* { P 11-1*0 +i> n *-a } =0, 

and 


‘Pn-\ , -\'~ m PrP-* — 


a^y... {(i+i+i-+...) (^ + ^+-^+...) 

_ (p + ;& + 7 + -)} 


=a/}y... f 


a + b fe-fc 

a/3 + /?y 


+ ..) 


and ho on. 


=?n-i; 


3. Again, suppose 

4(a)=«o a ”*+a 1 a" , " , + ...+a m ; 

then writing 

*r=4 r (a)+4'(y?) + 4 r (y) + ..., 

we obtain 

9o*m + ?I Wl C«t<«] 

where the <fs are the co>efficients of the equation whoso roots are 
4 (a), *(/?), 4(y). etc. 

4. Examples i 


(4) 

(5) 


(i) Let #*—s ,—£(a^) t ..., then 7 ,...aro the coefficients 
of the rationalised equation / =0. 
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(ii) Suppose f(x)=(z—A) a .(x—ft) b .(x— y) e —* 

=x"+P 1 *“- 1 +P 

Then f(x)lf(x) = al(x-*)+bl(x-/i)+cHz-y)+... 

= 1 <# r /« r+ ‘}, 

whero » r = aa r +6/? , +ey r +. 


Proceeding as in Cajon's Theory of Equationi, § 68, we get 

P,:=(n-1) P,. 1 «, + Pi=0, 

*,+P, « 1 +» Pj=(»—2)P, > *i+Pi Si+2P*=0, 

... ... ... s ••• ••• ••• 

where 

»=a+h+e... ; — P, = aa + 6jff+ey +... =t, ; 


P, = sum of the products of roots two at a time 


= J{(aa + 6/? + ...) , -(aa I +i>/?'+...)} =4W“*)* <* c -» * c - 

Hence also wc can derive the result (3) above. 

(iii) To find the identical relations satisfied by t u we write 
down (n+1) relations for particular values of t n in (2) or (3) and 
eliminate the p't■ Thus, in the oase of the oubio 

»*—Pi=0, 


we may take 

».-Pi*i+Pt*i*-JVo=0 

» 4 —P«*i=° 

**-Pl* 4 +?»' 4 -P »»«=0 

and eliminate p„ p r p, to obtain the identical relation 


• •• 




• •• 


M* ••• 


tit III 


Ml 


IM 


• •• 


= 0 . 


M. T. Nabaxibkoa*. 
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The Face of the Sky for May and June 

The Sun 

enters Gemini on May 21 and the Summer solstice on June 21 at 
11-54 p.m. 

The Moon 

May. June. 



D. 

H. 

M. 

D. 

H. 

SI. 

New Moon 

... 2 

10 

59 

1 

1 

7 

First Quarter 

... 10 

2 

17 

9 

5 

29 

Fall Moon 

... 17 

7 

41 

16 

3 

12 

Last Quarter 

... 24 

10 

46 

22 

6 

46 

New Moon 

• • • 

• • • 


... 30 

4 

13 


The 

Planets. 





Mercury attains its greatest elongation (E) on May 12. It is 
stationary on May 25 and is in inferior conjunction on June 6. It is 
stationary on June 18 and attains its greatest elongation 21° 50' (W) 
on June 30. It is in conjunction with the Moon on May 4, June 1 and 
Jane 28. 

Venus continues an evening star. It attains its greatest brilliancy 
on Jane 1. It is stationary on Jane 12. It is in conjunction with the 
Moon on May 6 and on June 4 and with Saturn on May 24 and Jane 22. 

Mars is in quadrature to,the Sun on May 15. It is in conjunction 
with the Moon on May 10 and June 8. 


Jupiter is in conjunction with the Moon on May 28, and on June 25 
at 5-11 A. m . 

Saturn is in conjunction with the Moon on May 7 and June 3 at 
11-48 p.m. and with 8 Geminorum on June 4. 

Uranus is in quadrature to the Sun on May 10. It is stationary on 
May 25. It is in conjunction with the Moon on May 23 and June 19. 

Neptune is in conjunction with the Moon on May 8 and June 5. 

V. Bamibam. 
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SOLUTIONS. 


Questions 586 & 628 . 

(K. V. Anantanaravasa Sastri, b.a.) :—Prove that the length of 
the first negative pedal of the loop of the Folium of Descartes z*+y'— 
3 axy = 0, is 6a—a [*n — y/% log(l +V 2 )]. 

Solution by T. P. Kriehnaswami. 

It is known that tlie negative pedal of any carve is the envelope of 
a line perpendicular to the radius rector through its other extremity. In 
the present case the line is 

3 at Vf+7’ 


z cos a +y sin a = 


1 + f 


, where t = tnn a 


. , . 3 a sin a cos a 

i.e. x cos a+y sin a~~-- 

sin a ■+• cos a 


• •• 


Ml 


... ( 1 ) 


Again, it is also known that the radius of curvature of the envelope of 
of the line 

* cos a+y sin a=/(a) ... ... ... ( 2 ) 

is /(a)+f 11 (a).: (See Kdward’s Calc., P. 309 Ex. 17) 

and, as a and differ only by a constant quantity, da =<i ;Jj and therefore 
we get from ( 2 ) that tho arc 

» =/[/(«)+/"(«)] 

o . o 

= r 3 a sin a co 9 a j a + f d / 3a sina cosa \ 1 

J , sin’a -f cos’a L.da \ sin'a -fcos'a / J 


o 


= f 3a si 
J • - 


sin a cos a 


7 T sin'a-f cos'a 


Ja + 6 a. 


Now, since y—x is a line of symmetry, the integral on the right 
side can be written 


2a 


rr f 1 _ _ sina +cosa ") ( j a 

J (.sina + cosa 1 — sinacosa j 


—ay/ 2 


I 


7T 

4 


da 


C09 


M) 


— 2 J 


C09 


(-3). 


o 2 —cos 2 


=.V! [log ‘""(3+£-|)l 1 


(*-?) 
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-4«V2| 4 


(1 sin 




o 1 + 2 sin* ^ a — 21^ 

=— a V2 log ^ tan^^ — 4a tan -1 ^ y2 sin^ 

= a\/2 log (y2 + l)~a'n. 

Hence *=6a—air + a\/2 log (-\/2+l). 


-m 


Question 630 . 

(S. Naratana Ajtar, M. A) :—If 

A _ (a— b) ( a—bx) . (a— bx”- 1 ) 


'll 


and 


(1-*)(!-**).(1—a”) ’ 


shew that 


(— 1 )"B„ = 


( 1 - 

-*)a- 

. 

.(i-*") ’ 


Aj, 

1. 

0, 

0 . 

... 01 

^ji 

A„ 

1, 

0 . 

... 0 

Aj, 

A„ 

Aj, 

1 ••• ••• 

... 0 

• • • 

• • • 

• • • 

••• ••• ••• 

• • • • • • 


A,1-1, 

A,i-j, 

A, 1—4 ••• ••• 

... 1 1 

A 

A„-i, 

A,i_i 

Afj— 5, .*• ••• 

... A, 


with a similar determinant for (-1)" A„ in terms of the constituents 
B,, B„... 


B„. 


Solution by N. Sankara Aiyar, M. A. 
The given determinant is equal to 


A» 


Aj 

1 

0 ... 

/ 

0 


A, 

1 

0 

• • • 

A, 

A t 

1 ... 

0 

1 

A, 

A, 

1 

• • • 

• •• 

• •• 

••• Ml 

• • • 


• • • 

• • ■ 

• • • 

• •• 

• • • 

• •• 

••• ••• 

... 1 






A*-i 

An-t 

••• ••• 

A,i 


A„ 

A,i .* 

• • • 

• • • 


We shall prove the result by Mathematical Induction 
8 



• • • 


A, 











58 


l 


We should prove that 
A, 1 0 

A 3 A, 1 


0 


0 


= A 1 (-l)"-«B n _ 1 -(—1)"B, 


• • • • • t - 


A., A 


ft 


• • • • » • 


-I 


= (— 

= (—1) w ~ , B m (?-*») (l-g* -1 ). 


that is, 


( —1)"-’B fl _,-A,- 


A, 


1 ... 0 


a 4 A, ... 0 


An-1 ••• Aj 

A« 1 ••• ••• 0 


__ ( 1\«-1 o a — bx \ — x n ~ 

-(-1) (1 —v 1— r 


A 4 A | . 0 


!_/ iv«-*n a ~ bx ( a ~ h | 

-( 1) l-jr ) 


■ • • 


i Aii A„. ; 


A i 




and so on, nntil, Gnally, we have 


1 —x (1—a*) \-x" 


A„_, 1 
Ar» A, 


= (-!)* B, 


a—bx a—ha" -1 1—a* 


But 


1 — ;c 1—*"“* 1—*’* 

a—b a — bx"- 1 


A“-‘ A *- A »- A "-« •) 

_ , 6—or l—*' 1 " 1 

"“'T-x *T^z 7r ' 

_ b—ax b — a a —bx a — bx"-*1— a M-1 

" 1 —a** -1 ,- T—x" * 

Hence wo should get 

b—a b—ax a—bx a—bx"-* 1—** 

1 -®T=*** T=«.ry'1 - e" 

_b—a b—ax a—bx a—bx n ~* 1—a” -1 

1—a* 1—a’l—*" 1 - l-«" > 


which is obvious. 

Thus, if the formula is true up to »—1, it is true np to n. Hence, Ac- 
Similarly the case of A„ in terms of the B’s can be proved. \ 
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Question 639 . 

(V. V. S. Babayan): —Ihe polar circles of the five triangles’ 
external to a pentagon, which are formed by producing its sides have a 
common orthogonal circle. 

Solution by K. B. Madhava. 

Let P be the conic touching the sides of the pentagon A 13 C D E, 
and Q its director circle. If the A external to the pentagon formed by 
producing the sides A E 4 B C.be called A,; and the polar circle of this 
triangle R„ and so on ; then, by Gaskin’s Theorem (Dnrcll, Theorem 
215 ; or Salmon, § 375, Ex 2) 

Hi is orthogonal to Q. 

Similarly all the circles R a ...R, are orthogonal to Q. Hence the 
result. 


Question 641 . 

(Selected): — “ Ihere cannot be five prime numberj i‘«\ aritumotical 
progression unless their common difference be divisible by 2x3x5=30 
except when the first term of the progression is 5 

[Barlow’s Theory of Numbers, p, 65.] 
Illustrate or criticise the above statement. 

Solution by N. Sankara Aiyar, M.A., and It. 1). Karve. 

Let the five prime numbers be 

a, a-\-d, u-f-2 d, a ->-3d, a-\- 4*1. 

Pi: st, a and d are prime to each other and a=^r3; for otherwise a-\-3d. 
would not be prime ; a may bo 5 and then tfrJpO (mod 5). 

If a is greater than 5 then one of the four numbers 

u+d, a+'ld, «4-3 d, a+4d 
will be =0 (mod 5), unless t/=0(mod 5). 

Similarly, one of a + d, a + 2 d, a+3d will be = 0 (mod 3), unless d =0 
(mod 3) ; and so also d =0 (mod 2). 

Hence d— 0 (mod 30), unless a=5, in which case d = 0 (mod 6). 
Examples (1) 5, 11, 17, 23, 29; 

(2) 5, 17, 29, 41, 53 ; - 

(3) 5, 47, 89, 131, 173; 

(4) 5, 53, 101, 149, 197 ; 

(5) 71, 101, 131, 161, 191 ; 

(6) 71, 131, 191, 251, 311; 

(7) 73, 223, 373, 523, 673 ; 

(8) 89, 599, 1109, 1619, 2129. 
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It must however be noted that if </dp5, there is the possibility of a 
sixth|numbcr of the A.I*, being prime. Thus if u = 7, d=^0 (mod 7) a=^=7o 
we have 

7, 37, 67, 97, 127,157; 

7, 157, 307, 457, 607, 757 ; 

11, 71, 131, 191, 251, 311, 

11, 491, 971, 1451, 1931,2411. 

But there will not be seven such numbers, unless either u=7 or d =0 
(mod 210). Thus in the second set abovo 907 also is prime. 


Question 649 . 

(S. Mai.iuri Rao, B.A.):— A gentleman has one third of an sotc of 
vacant land round his house. He wishes to divide it. into five different 
plots to grow five different kinds of flowers. What, must be the areas 
of these plots so that they may be in A. P„ and each of them may be oon- 
taint'd an exact number of times in an acre ? Shew that thoro cannot 
ho more than one set of values for the areas. 

Solution by V. Anuntaraman and H. K. Chakrabarty, B.Sc. 

Let the unit area be an acre. Then, since the area of the five plots 

is I and they are in A. P„ the area of the middle plot should bo ^L. 

Suppose the second and fourth plots aro 1; then by the quostion 

1 + 1 = J 

ar y 15’ 

i.c. 15 (ar+y)= 2 xy, 

where x and y are positive integers. 

Now xy must be divisible by 15, and the following two distinct 

cases arise : 

(i) x = 15o; so that 15o + y = 2oy, whence y=a 6 and 15+6=2a6, 

resulting in _ „ 

5 = 1, a= 8 , y= 8 , x = 120 
5=3, <i=3, y=9, x=45 
5 = 5, <i=2, y = 10, x=30 
5 = 15, a = l, y = 15, x=15. 


(ii) 


x = 5o 
= 35/ 


so that 5o+36 = 2o6, whcnco 5a/5 is an integer, re¬ 


sulting in 5=5, u = 3, x=y = 15 ; 

or o = 6/, 5t+3=26f and *=1,5=4, a=4, x=20,y=12; 

/=3, 6=3,lo=9, x=45, y=9. 

Thus the possible values of x and y are 

x = 120, 45, 30,20,15 
y = 8, 9, 10, 12, 15. ) 
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Also, since the middle plot is , twice the common difference is less 

15 

than A. That is 
15 

y x 15 

Hence, the only admissible values of x and y are 20 and 12 ; and 
the singular solution is 

_L J_ i. i. A 

30* 20’ 15’ 12’ 10' 


Question 651 . 

(S. Malhari Rao, B. A.):—The Nasik or pan-diagonal Magic 
square (o) has been constructed by placing the series of natural 
numbers from 1 up to 25 along the combined paths of a Knight and a 
Rook in chess. By adopting another method, and guided by the altered 
positions 1, 7, 13, 19 and 25 as shown in square (6), fill up the vacant 
cells in it so that it may be magic and pan-diagonal. 

(°) (*>) 


13 






19 






25 






1 


1 




7 


12 

25 

8 

16 

4 

18 

1 

14 

22 


24 

7 

20 

3 

11 

5 

13 

21 

D 

17 

6 


2 

15 

23 


Solution by H. R. Chakrabarty, B. Sc. 
The completed square is 


13 

10 

2 

2U 

16 

22 

19 

11 

8 

5 

6 

3 

25 

17 

14 

20 

12 

9 

1 

23 

4 

21 

18 

15 

7 1 


Here the mothod adopted is the combined path of a Knight and a 
Bishop in chess. Knight’s path is the main course, but when obstructed, 

Bishop’s path is taken. 
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Question 652 . 

(S. P, Singarayelc Mi’DAI.iar) :—From a point (eccentric angle 4 ) 
of an ellipse of semi-axes a, b three normals are drawn to the ellipse ; 
show that the square of the radius of the circle passing through the feet 
of the normals is 


(- , +D’ cos ’ ++ ( l+ ^) w 


Solution (1) by M. V. Amnachala Sastry , M.A. (2) by N. Sankara 

Aiyar, ALA. 

(1) The circle in question is evidently Joachimsthal’s circle of 
the point (u cos 4 , b sin 4). Its equation is given in page 219, equation 
(549), in Casey’s Analytical Geometry. 

If, in equation (549), we put x'=a cos 4 , y' = b sin 4 , and t«=a , + 6 \ 
we get, ns the required equation of the circle in question, 

x* 4 *y l —— x cos 4 —- y sin 4 = o*+ 6 1 . 
a b 

[Seo Ex. 43, page 184, of Asquith’s Analytical Geometry.] 

Hence the square on the radius 

=( a+, Q'^ a i+ ( b+l Q™'*- 

(2) The equation of the circle through X b X Jt X s is 


4aN 


4i‘6N 


(MN + L)(a , -b , )-2N(a a -fb , ) _ n 
+ 4N 

where i=N*+M and m = LN + l. (See. Q. 638.) 

In the given case the equation giving the three values of X is easily 
seen to be 

(a*— 6 *)cos 0 cos <£— a 3 sin 0 cos <£+&* cos 0 sin <£= 0 . 

U. (a*-6*) \'iL~\\a'+b*)-\{a'+b') f 

on simplification. 

T a*+6* 1 M a*+6* N 1 

L= ?=6'jr M= -a^' N= 

... l=ms , Qg+1■)(» , -g- 2 "<? , +g-)=-(.»+f). 


/. N*+M-f LN + l = (N*-f 1)(M+1), 
N J -f M—HN—1=(N*—1)(1—M). 



63 


NNM+LN + 1 = — £+1 J&L = _ cos ^ 

U . 2 a 2 —t 2 


N*+ M — LN — 1 = *4= 

p.* a 2 —6 2 . 


4a 2 sin <£ 
p.(o 2 -6 r )* 


The sqnnrc on the radins 

= {w (i+ ' ,) }’ + {w ( '“ m) } ,+ “’ +!,: 

= «* *) ’+ {^sm+l’+a'+l- 

= a ' +b '+£, cm ' •t+fi;,*™' * 

= (° + s)’ C03 ’* + ( l+ ^) ,8in ’ + ' 


Question 657 . 

(T. P. Thrivem, M.A., LL.B.) :—Prove that the value of the determi¬ 
nant of the (m + 2 ih order 

,01 1 ... 1 
1 0 ... a l-\- a n+l' 

I 

1 0 ... + | 

••• ... ••• ••• 

1 ai-t a„n flj+a,| + , ... 0 

is eqnal to —(—2)“ II a, £ v l/a„). Also find the value of the determinant, 
of the (n-t l)** order obtained by deleting the first column and first row. 


Solution by H. K. Chakrabarty, K. B. Madhava and A. Narasinga Rao. 


Let the determinant 





1‘ 

1 


-1 
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of the (n+l)*' 1 order he celled A**., and the given determinant D„ +1 , 
while that obtained by deleting the first column and first row of D n+1 
is called D'„ +1 . Then, 


A - 1 

-2(»—1) 

1 1 ... 

1 


0 

-1 1 ... 

1 


0 

1 -1 ... 

1 


• • • 

0 

••• ••. ••• 

1 1 ... 

• # • 

-1 

obtained by subtracting all the other columns from n 

That is 

^*41 

—2”- 1 A„ 
n—2 



A 

-2 M—2 A tt _ 1 




»-2J 

& . 



•. • 

A, 

• • • • • • 

= —2jA s 



A, 

= (—2)*. 



— 2 times tho first. 


Hence multiplying by columns 


Now 





0 

1 

1 


• • • 


1 


1 1 

-0, 

“l 

1 • • 

di a | ••• 


a i ... 

— «M 

• • • •• • 


i 

a »i+i 

a H+l 

• •• 


obtained by multiplying tho 1st row of D n+J by a,, a, eto., and subtract¬ 
ing from the 2nd, 3rd etc., row respectively. 



0 

1 

1 

• • 

1 
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-Vi -1 

1 

" • • • 

1 




a, 

a. 

a n+l 


_lIo 1 

0 -1 

1 ... 

1 


»—1 







0 1 - 

-1 ... 

1 




••• ••• 

• • • • • • 

• • • 




0 1 

1 ... 

-1 


obtained by subtracting all the other 

columns from ?i- 

-1 time 9 the 


• 

-najii- 





m 

n —1 





- «■ 

-(- 2 ni,„y'i 




D '„ +1 = 


0 a, + a. 

a,+a, 

• • • 

“l + Gn+l 


o, + a, 0 


• • • 



“i + Os a^ + a. 

0 

• ee 

«*+«*+» 



••• • •• 

• • • 

• •• 

• •• 


a i + a n +i “i+an+j 

a » + a n+l 

• • • 

0 


1 

0 

0 

0 


1 

0 

<h+<h 
°i +<h 


1 

<H+<h 

0 

<h+<h 


1 

0| + 0» 
+ 

0 


• •• 


• • • 


• • • 


• •• 


• •• 


• • • 


1 

°i+a„+i 

a i + a fi+i 

a 3 + a *+l 


• • • 


> a i + «»+> <h+a n +, a,-f a n _! 

obtained by adding one row and ono column more, making it a determi¬ 
nant of the (»+ 2) ih order. 


1 


(»—1)1+0 

(n—1)01+10, 


1 

0 


“ 2 (n—^oj+lo, o,+b. 


1 

<h+<h 

0 


• •• 


1 

°1 + ®**41 


• ee 


• •• 


• •• 


• •• 


•M 


aee 


9 


(»—l)o„ +1 +£a, Oj+a^, a,+ a 
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obtained by adding all the other colnmns to (—2) times the first 
II 1 1 ... 1 




a i 

"i 


0 

«, + u 2 


U,-H, 

0 


rt 8+ a n+l 
a J + u n +1 


(I 


La 

2 


Mtl 

0 


a i + a n+i 

1 

0 


• • • 


1 

0 

• •• 


0 


• • • 


• • • 


• • • 


a l+ a n+l 

a j + a M+1 


1 ^i + a »*4l <*f+ a n4-1 

obtained by splitting up into two determinants. 

111 . 


M* 


• M 


0 


n — 1 


0 —a, 


i h 


• • • 


-(»-) 


II,-, 


0 

• •• 

0 

-1 

1 

1 

• •• 


-a, 


n+l 


ri+1 


• • • 


^in 

- 2 D " M 


a, a, 

1 1 


— a »+i 


1 


-1 


1 - 


• • • 


• • • • • • 


^ q i n 


• • • 


-(»-!) i^!A M+l - 


Ic*. 


D 


«♦* 


Ha, (—2) M ~ 1 (»—1)*—(—2) ,,_1 

a i 


=(-2)-IIa,[(.-l)'-E«,El] 



Question 658. 

(K. J. Sa\jana, M.A.) :—Prove the identity 

2[ax+6y + (a + 6)(x+y)]’—6[ax+6y + (a + 6)(x-f y)] 

[a*+a6+6*] [x 5 + xy -{• y s ] — 

27 ab xy (a + b ) (x+y) =(a— b) (x—y) (2a-f 6) (26+a) (2x-fy)(2y + x), 
and deduce the theorem of Cayley, that 

ax + by+cz, bx+cy+az, cx+uy+bz 
are the roots of the equation 

4^ ! '—3(a'+6 2 -f c , )(x*+y s 4-3 a ) t — bi-ibc xyz 

— 2(6-c)(c-a)(u-6)(y-s)(s-x)(x-y)=0, 
when a + b + c and x+y+z vanish. 

Solution by K. B. Madhaca. 

The expression on the left hand side of the identity is symmetrical 
separately in a, b and x, y and between themselves and is homogeneous 
in them of the third degree. 

We see that a — b is a factor, because the first member becomes 
identically zero when in it we put a = b. 

Again, since we can write the expression in the form 

2 { (2a + 6)x + (a + 26)y > r —6 { f2a+6)x+(a + 26)y } x 
{ i (2a+6)(a+ 26 )—lab } (x*-f y*+s*) —27a6 xy (2a+6—a) (x+y) 
we notice that 2a+6 is a factor. 


Similarly a+26 is a factor. 

From this we can also infer that x—y, 2x+y, 2y-f x are also faotors. 
Wo can also satisfy ourselves that the constant multiplier is unity. 
Hence the identity. 

To deduce the second result, we have af 6+c = 0 and x+y+j=0, 
(a+6)(x + y)=cz;2a+6=a—c; 26+a=6—c; a*+a6+c* = I(a 5 +6 , +p , ),<fco.. 
Inserting these, we have 

4(ax + 6y + c«) r —3(u*+6 , +c :i ) (x*+y*+s*) (ax + 6y+cz)— 

64 abc xyz —: = 0 

which shows that ax+6y+cz, and oil account of symmetry 6x+cy + as, 
ex + ay + 6z also, are the three roots of the given cubic in t. 


Question 659- 

(M. Bhimasena Rao) :—Show that 


•n 


oi d+ e - ,t )(i+.-**j(i+.- 3 *)...=.“(£)*• 


cu a+« _ ’ ,V2 )a+‘ _2,lV2 )(i+« 3l,v2 ) 


• •• 


c 24 
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Solution by K, B. Madhava. 

Without using Elliptic Functions these results may be got from the 
simpler theory of Infinite Products as in Bromwich, Chap. VI, Ex. 
(14—20). 

Borrowing his notation 

*=TT(1 +g”*); ? , = IT(I+g’"- 1 ); g, = IT(l 
we have qiqtqt—1 (Ex. 14), q i , =q$ t +l 6 qq* (Ex 20). 

Now q,=e 24 2 % (Q. 608) 

1 t=qi*qt*+l 6 q q* 

4e &1T = }e 8 -f 16g,'c ^ 

(8c" ?1T 7i '- 1) 5 = 0, t.e. = 2~® i ?I y a =e ^ 2~* 

which is result (i). 

Again ?,=<;-~ 24 " .2* (1 + V 2 ) fl 

and the above equation for g,' solved will givo g,g, in this case 

*V 2 / 1 \ j 

= « 24 \ 2/ 


Question 663 

(S. Kbisunaswami Aitangab, B. A.):—Establish the following 
relation with respect to Bernoulli’s numbers : 

, *=c i B 1 -c 4 B,-4+c i B i -4\..(-) w - , c, n B tf ,_ 1 4"-* l 

20 

where c r —^4 iC r . 

Solution by K. B . Madhava and J. C. Su'aminarayan, M.A. 

Wo bare 

+ ^. (-r^...-oo S 0 = 8 in 0 xeot 0 

_Tn ©' /_v 0 5,H1 iri_ 2 *B 10 2 4 B,«, ^"B^U . "I 

) _ T _..j [ 9 —e.—e... 

Equating the coefficient of 0*", we have 

1 _ 1 _ *B, _ 2‘B, ,_^2*"B ln . x 

(2») ! OST+iyi 21 (2f»-lj! (4 ! 2n—3) • *'*'' ' “^TT 
,\e. 2n = 2\o J B l -2‘c 4 B.+ ...(-) n -*2*"c,„B, n . l 

t’.e. jc»cjB|—C|B| , 4+t l B|4 , ...(—)"“ l c ln Bj rt _ 1 4"~*. 
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Question 664 . 

(S. Kribhnaswami Aitangab, B.A.):—Prove that 

co 

v "V(r(»+D) j i 16 , 

Solution by J. C. Swaminarayan, 31. A 
We have to prove that 

v f r(n+i)rG)vi_V f 1 f 1 <**</</ 

\ i-rw I J J 0 "V(T^5?itr)= 16 -- 

Now V f 1 f 1 — dx d 'J ( l f 1 (l-xy) , , 

rVo ^ 1 -^!-*) I 0 l 0 ^^7 ) dxdy 
=/! vfe [{^- wo g a-^}; +2 /;^j 

= / o VT^[ 2 / o { 1 ~1^T^}*J, where l-y = r» 


4-rr. 


Vk 


VI 


=4/ 1 *L__4f 

J o Vl-B J 
= [-8v/rc;j 1 -*f ~ 2 * 2 Bi» 0 cos 0 

o 

[where a = sin* 0] 

=8-8 J 2 0 cos 0 dQ 
, o 

*rr 

= 8—8 T9 sin 0+cos 0j 2 

= 8 - 8 Ct -1 J 

«8+f?-4tr=16-»~*yr. 


o 



70 


Question 672 . 

(S. Krishsabwami Aitasgar, B A.) The vertex A of the triangle of 
reference lies without, on, or within the director circle of the maximum 
inscribed ellipse according as the angle A is acute, right or obtuse. 

Remarks and Solution (1) by K B. itadhua, (2) by Narasinga Rao , B.A. 

(1) That if the vertex A lay on the director circle of the maximum 
inscribed ellipse (in fact of any inscribed conic) A should be a nght 
angle is obvious and needs no proof. 

Also from the elementary properties of the figure it is clear that 
the squares on the tangents from the vertices to the director circle are 

\ be cos A ; $ ca cos B; $ ab cos C 
no that the equation of the director circle (in areals) is 

a ; y 2 +b’rx+c^rys H*+!/+ =)(** cos A x+ca cos By + a 6 cosC=). 

Thus the power of the vertex A is J be cos A, which is positivo, 
zero, or negative according as A is acute, right or obtnse. Hence the 

theorem. . . , 

The theorem is indeed true for any inscribed conic as is clear from 

the fact (See Asquith, F. 421, Ex. 33) that if in areal tangential, the 

equation of any inscribed conic be /mn+ 0 nl+Wm=O, the equation of the 
director circle is 

2 (j+g+h)(a'yz+b':z+c'xy) = 

(x+y + 2) { (b' + c'-a')fx+(c'+a'-b')gy+{a'+b'-c')h: > . 

(2) Lot a be the anglo betweon the tangents drawn from any 

point (x, y ) to the ellipse S =0. 

Then a is a function of * and y, say / ( x , y). 

Consider now the loci o — constant. 

Wo have the following results respecting these 

(i) These loci arc concentric and coaxial ovals. 

(ii) If ? be a point on a fixed line through tho centre 0 and dis¬ 
tant /• from it, then a = *(r) is a continually increasing or continually 
decreasing function of for, a stationary value of *(r) corresponds to 
OF being a tangent at P to some curve of the system which is impossi¬ 
ble. Also <t(r) vanishes'for largo values of r. 

Hence $(r) is a decreasing function of r. 

(iii) All these loci aro closed curves and no two can interseot m 
a real point; for, if they do, the “ a ” of tho common point will havo two 
different values. Hence they lie one within tho other. For values of a 
vory near vr the locus approximates to S=0 while for very small 

Values oitt, it tends to the line at infinity. 
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(iv) If P lies between the curves a=a x and a=a a then Pa lies 
between a, and a 2 . 

Let OP cut the two loci S, and S* in P, and P 9 . Then P lies between 
Pi and P, and therefore OP lies between OP, and OP 9 . But <p (r) is 
monotonic. 

4( r t) <i(OP)<4 (>*,) 

t.e. a a <a<a,. 

The converse proposition that if a<a„ P lies without S„ is proved 
on the same lines. 

The given question is a particular case of this, for when a = i 7 T, 
Sa is the director circle. Hence if a A circumscribes an Ellipse, any 
vertex will lie within, on. or without the director O according as it is 
obtuse, right, or acute. This is true of a A and any inscribed Ellipse 
and in particular, of its maximum inscribed ellipse. 


Question 675. 

(K. Appukuttax Ebady, M.A.) -.—Shew that 

r 0 ** b cos 0 /L . ab 

(i) I f f__ co s (bain 6) ,/q _ 7Te . 

^ o 1—2a cos 0 + a 1 1 —a 1 

(ii) /” «■ 0+K) i0= *1.log (1—ab). 

J Q I — 2a cos 0+a* 1—a 1 

(1) Solution by J. M. Bose, M.A , B.Sc. 
71 & cos 0 


(i> f jin " c ° 9 sin 0) 


Let 


0 (1—2a cos 0+a*) 

71 _6 cos 0 
o 


i” 71 6 cos 0 /1 • q 

I = __ COS ( fc SIP 0 ) 

4 l-2acos0+a» 

_ / - 7T 6 cos 0 . ,, . .... 

J -- j ?_ s in (b B iD 0 ) _ 

J l-2acos 0+a* W ' 


so that 




dQ 


e hz dz 


=! ieb ‘ dz _ f 

J C az‘—(l + a*)s+a-* J C (z-a)(az-l) 


1 patting z—e 


_ *0 
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where the integral is taken round a circle of unit radius in the «-plane. 
The poles of the function are a and i. 

( 1 ) Let a<l, in which case the only pole within the contour is 

ab 

s = a, and the residue at this pole is JL -. 

a'— L 

ab 


( . ab ~) ab 

1 + ‘ J =i | x | = 


Similarly, ( 2 ) if u>l, then the pole inside the contour is 1 /a, and 

6a 


so that 




ah 

T= and J = 0 . 
1—a* 


(ii) j 


11 log (1— 2b co s Q-ffr 1 ) ,#) 
(1—2a cob 0+a») 


If we differentiate with respect to 6 

91 _ rn 2(6—oos0)d0 __ 

96 J ( 1—26 cos6-j-6*)(1—2a cos0-f a 1 ) 

u*-2a6+l 


i r r_jf!= 

(l-a6)(6-a)J L1 — 2a 


1 - 6 * 


cos0-+-a* 1—26 cos 0+6 


-,] je - 


Integrating each term separately we can get the required result, but the 
following method is more interesting. 


2 cos 0 = e , ® + « ’^and 2 = e‘^so that 


91 

96 


’I 


n 


r*— 26 *-t-l 


( 62 — 1 )( 2 — 6 )(a 2 — 1 )(*—a) 


dz, 


where the integral is to he taken round a circle of unit radius in the 

2 —plane. * 

If ad, 6 d, then the two poles within the contour are o and 6 . 

The residues at these poles are 

a’- 2 a 6 + l ftiw1 l-l* 

(a 6 —l)(a— 6 )(a*—l) ( 6 *-l)(a*-l)( 6 -l) 


respectively; 


so that 


31 

= 2 m x sum of the residues 
96 

—20-* 


(1 —a 6 )(a*— 1 )’ 

which gives the required result on integration. 
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Let a>l, 6>1 then the poles are 1/a and 1/6; and the residues are 

afc(l—2 ab+a*) a6(l— b *) 

(6—a)(l — at)(l — a’)’ (a-fc)(l—at) ; 

so that 

I = ^2L log (ah-l). 

(2) Solution by A. Narasinga Tlao y li.A. 

Poisson’s formula states 

J 0 L l-2c nos x+F _\ dX -rZZ*K a+c > 

(Carr’s Synopsis, 2702). 

(i) Pot a=0, /(0)=e^®and c=a. Then 

f iT be'* be-'* Q 

« +e 2-tt & 

' O 1—2a cos z+a 1 1 — a 1 * 


71 b cos x ( ib sin x , —ib si 


b cos x 


(«® S,D *+e- il 
1 —2a cos x+a* 

cos (b sin x) dx= 


sin x 




1- 


/■ •• u tus a; /r . 

I e cos (b si 

1—2a C09Z+I 


1—a*' 


(ii) Pot a=O,/(0)=log (l-fc0) and c=a. 

f'* *Pg (l-k**)-Hog (1-fee-**! 2-rr . /t LX 

J Q 1— 2a cos z+a* (1—a f ) 

f'” l og (1-26 c os x+b'). 2-TT , 

J 0 1—2a cos x+a* l_ a « “i). 

CV Solution by D. Krishna Murti. 

Let the integral (i) bo denoted by w. 

We can shew that 


(1—2a/cos 0-f a*) -, = 


•)-■='+ V 2a r cos rQ 

T-o’ 


and that 


fe cos 0 


6" cos n0 


cos (6 sin0) = V 0 09 

4J n ! 
n=0 




... B 
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Consider the integral 

b co«0 


J U 


cos (6 sin 0) cos r0 r/9. 


'll // 

With the aid of B, we get ic, = ^ 
Now 

-rt 


, I e 6 C0S 0 cos (6 sin 0) «/9+ “V (front A) 

1-0 J o r = l 


I«r. 


W 


X 


7* 7T \ ^ (i'fc r 

i^ 9 A #•! 
/• = 1 


ab 

tie 

1— a'. 


(H) 

We have 


f* log (1—26 cos0jj^ jq_ 2ZL | og (1 — at), 
J 1—2a cos 0 + a 1 l—-a 


r” 71 cos <0.d0 —y n , r being an integpr. 
l_ J T— 2a cos 0+ a* 1—«’ 


For, 


00 ti 


T-_L_ f 1T cosf0ci0+ V f 2a* cos *0cos r(U0 
l-a’J .^o r-a* 


= 2 “ r f 

1—a 1 J 


o 

ix 

o 


A = 1 


cosV0.f/0 = - *** ° — 

1— a’ 


Now let « denote the given integral. Then 

00 


_ rtx oV' b " C0S "0. 
log ( 1-26 cos 0 + 6 ) = —- n - - 


«= 1 


• • 



2 / 


*TT 


6" cos n0 


»(1 — 2a cos 0+a*) 


<f0 



2-rr 

_ (1 a *) 


log (1—at). 
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Question 689. 

(J. C. Swaminaratan, M.A.) If S, n = l”'+ 2”* + 3'“ + prove 

that 

7S 4 f 5 S, = 12 S, S S,. 

Solution (1) by K. B. Madhava, R. Srinivaean, ^^.A. and S. V. Venkataraya 

Sastry, M.A., L.T. ; (2) by R. D. Karve. 

(1) We know 

n m+1 l m R m n m-i_ R wi(m—l)(m—2) . 

^+1 + 2 U +B, 2T n B * -4!-” + - 

where B„ B... are Bernoulli’s numbers. (Hall and Knight’s Higher 
Algebra, § 406.) 

Hence 

Si = 2« (n + 1), 

S, = $»(»+ l)(2n + 1), 

S ‘=T + 2 n+ 3” 30“' 

c _ n ’ 1 »* , »* »* , » 

b# "T + T + T ~6"+42* 

Making these substitutions we get the required result. 

(2) We have 

(2»+l ) T —( 2n — l) T =896n*+1120n 4 + 168n’+2 
(2„ — 1) T —(2n—3) T = 896(»—1)* + H20(n —1)‘+I68(n — l)*)-f 2 
• •• ••• ••• ••• ••• ••• ••• ••• ••• 

3'—l*=896.1 a +1120.1*+168.1*+2 

(2n +1 ) T -1 = 896.S r .+1120.S 4 + 168S,+2», 
giving 224S t +280S 4 +42S t 

=n(2« + l)(16»*+48» 4 +60«"+40r» , + l5n+3). 

Similarly, 

120S 4 + 60S, = 6»(2n + l)(2»’+4n*+3» + l). 

Subtracting, we have 

32(7S.+5S 4 )=»(2»+l)(16» s +48n‘+48n*+16n»-3n-3)+18S„ 

=»(» + l)(2«+l)(16» 4 +32n’+16»*-3) + 18S, 

= 6S,l6n»(n+lV 

=6S,16-4S,*. 

7S.+5S 1 = 12S,S 1 \ 



Thus 
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Question 690. 

(J. C. Swamisarayak, Mi.) H S r denotes the sum of the recipro¬ 
cals of the first r odd natural numbers, prove the following relations 

m . 

= -^ + T log2+ K 1_ '5 i+ ^’ + '"} 

<«> k-n + k-k + . 

=^ + T + (T-> g2+ KM- + i--} 

Solution by Marty n M. Thomas, K. B. HaJhava and K. 11. Rama Iyer. 

t ,^ ? =('-^ + ^--)( 1 - ,+I, - I ’ + . ) 

—■'(i+i) +rf ( 1 + W)- rf ( 1 + r + s + v) + 

=x Si—x' Sj + x* S a — x 1 S| + x f S 4 —... ... (1) 

. 1 d , .. . .. » it 1.1 1 ic* _ic 1 


- — { (tan~ l x)* } =xS|—x-Sj+^S,—x 7 S 4 + 
w ax 

Integrating the relation, we have 


J { tan -1 x }*=-i-S,——S,+ ... 

Dividing by z * and integrating between the limits 0 and 1, 
lj 1 (tsr^xYte = j-' ^S,-* t S,+^S.- 7 ^S.+ ...] 

_ S i — ^*+ ®! 

"X-2 3-4 5-6 7-8 
Hence the given sorics ( 1 ) 

= • ( 1 lx 


T1 

= i | 4 Q> cosecH) dQ 
o 

= £[—0* cot 0]+ j * 0 cot 0 d0 


, . 2L. 

~~ 32 + f 4 log sin 0 1 - J 4 log sin 0 dQ 

™ _ ft 






11 


"S + T l0B ^S ~i* [— l0 B 2— 

* r\ 


{ cos 20 + i COS 40+£ cos 60+... } ]</0 

7T 


• w 

= -£->. *+^g 2+ [ T i.- ; 4-+1. ^ + »■ 

= _ lj + T log 2+ =[ 1 -^ + ^ _ ^ + “'J 

Again multiply (1) throughout by *’ and x and integrate between 
the limits 0 and 1 and take the difference. Then 

,1 A 


j x a tan -, a: , I 


x tan~*a: 

T+* 1 


rS, S,,S s S, 1 _ f s i ] 

= LT“6 + T _ I0 + -J L 3 5 + 7 9 ^ J 


But 


.__Sj , _S, , 

“ 3.4 *** 5.6 T3>' 

A rlL 

\ *l i * K 1 ±dz\ = ) 4 0tan’0</0 

O l + a? ’ O 


•n* 

0 sec* Gd0— a'ig 


-/ 


1 «ff | 

= f© tan 0 j - { tan 0 

*rr . *TT 7T J _^ o 

= _+log cos 4 —>«« 


and 


■n ■" * 

f l * ^ an ~ lg dx*= f 4 0tan0 = [_ 4 —G log C0b9j f 4 log 
J o o o J a 


cos 0 c/0 
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. = _”log^+| T [-logl 2 +. 

{ cos 20—1 COB 40 +£ eos 60 —... } ]d 0 

= >S 2-^log 2+i {I~r4-T> + - } 

Hence the series (ii) . . , - 

=*-£+ (T- S ) l0S 2+i ' ) * 
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QUESTIONS FOR SOLUTION. 

741. (Martin M. Thomas):—Two particles A and B describe 
cordanar closed orbits in such a manner that, at every instant, the line 
jcSking them represents, in magnitude and direction, the velocity of A 
in its orbit. Show that the area of the hodograph of A’s orbit 

-<>+•>{ b+ 4-° ( 1 + t) I*’ 

where A,B,G represent the areas of the orbits described by the particles 
A, B and their centre of gravity, n is the ratio of the mass of B to that 
of A, and k a constant. 

742. (Martin M. Thomas) Show that a carve and all its 
pedals, positive and negative, have the same potential, at the pedal 
origin. 

743. (N T . Saiva) -. —Trove the following construction for the 
Feuerbach-point: 

If A1 meet the circumcircle in P and P' be the reflection of P in 
BC, then the Feuerbach-point F is the reflection of D in IP', where D 
is the point of contact of the incircle and BC. 

744. (N. Suva) ;— If ABCD, AB' CD' be two harmonic ranges 
such that D' is the mid-point of CD, prove that BC* = BB'.BD\ 


745. (V. Anantaraman) :—How can 49 diamonds, whose values 
aro in A. P., be divided among 7 personR so that each may get the same 
number of diamonds, the total value of the diamonds got by each being 

the samo ? 

740. (Laksumishankar N. Bhatt) .—Provo that, n being an integer 
not less than 2, 


CIA I , 13 1 1-3-5 1 ... 

l^l+2-5^I + s 

( 1 A 1 .1-3 1 . 1-3-5 1 ^ , \ 

i.fi+l + 2 , 3»-t-l + ^'5»-fl 2-4-6 , 7» + l + '" * ) 

= (»-l)(„+l) + (3t»—lj(3n-f 1) + (5»—l)(5r»+l) + 
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747- (K. Am’KUTTA.N Eradt, M. A.) :—(A, B, C, D, E) and (P, Q, 
R, S, T) are two sets of points in space ; prove that 


AP*. 

AQ*. 

AR’, 

AS*, 

AT' 


BP’, 

BQ*. 

BR*, 

BS*, 

BT* 


CP*. 

CQ*. 

CR», 

cs». 

CT* 

= 0 , 

DP*. 

DQ’, 

DR*, 

DS*, 

DT* 


EP J , 

EQ*. 

ER\ 

ES*. 

ET 2 



provided a sphere passes through either set. 

748. (K. Appckuttan Eradt, M. A.) .—If a, b, c,d be the sides 2 $ 

the perimeter, and 2S, 2S' the sums of pairs oi opposite angles of a 
spherical quadrilateral on a sphere of unit radius, show that 
a b c d , 1 


u yj i/ u ■ a . r>< x 

cos _ cos — os — cos - cos*_(b + S ) 


+ sin °sin — sin - sin - sin* 4 (S —S') 
2 2 2 2 ' 


= bin 1 (s —a) sin i ( s—b ) sin J («—c) sin -J- (s—il). 

749 (S. Kbishnaswami Aivanoar) :—If p be the radius of curva¬ 

ture of the curve r"* —a" sin m0, p h the radius of curvature of the cor¬ 
responding point of its k ,h negative pedal with regard to the pole, show 
that 

(1—mfc+m ) m -'a mU p"'- 1 = (1 — rnk) ,n - 1 { (m + 1 )p } 

750- (S. Kbishnaswami Aivanoar): —If (c—z) a-sinB = («—x)y sin C 
= (6— y) z sin A, and A ■4-B+C = 180 n , show that 


x _y_ - 
a b c 

Give also a geometrical interpretation of the result. 
751- (Selected) :—Prove that 



whenp->oo, provided that all terms for which m—n are omitted from 
the summation. [Tripos : 1895]. 

752. (R. Srinivasan, M.A.):—Four rods, AB, BC, CD, DA are 

smoothly jointed at the extremities so as to form a quadrilateral ABCD 
in a vertical plane. A is fixed and C is held at a given vertical height above 
A. If C is now released and motion ensue, discuss the motion imme¬ 
diately before and after tho impact which takes place when BC and CD 
straighten into a line. (The rods are uniform and AB-f DA>BC-f CD). 
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753 (S. Ramanujas) If 


*(,)=$ log 2**-*+^ ^ 


where [f] denote* the greatest integer in f, show that 


'' im '*<■*> = ~T2 


“D 


754 (S. Ramanujas) Show that 

‘^!±?)^W+w+z+k, 


x*v"n 


where 


K lies between * and 1 for all positive values of x. 

lUU oU 


755 (S. Ramanujan) -.—Let /> be the perimeter and e the eccen¬ 

tricity of an ellipse whose centre is C, and let CA and CB be a semi- 
major and a semi-minor axis. From CA cut oft CQ equal to CB and 
also produce AC to P making CP equal to CB. From A draw AN per¬ 
pendicular to CA (in the direction of CB). From Q draw QM making 
with QA an angle equal to 4 (which is to be determined) and meeting 
AN at M. Join PM and draw l’N making with PM an angle equal to 
half of the angle APM and meeting AN at N. With P as centre and 
PA as radius describe a circle cutting PN at K and meeting PB pro- 
clnced at 1 j. Then if 

arc AIj __ p 

arc AKL 4AN 

trace the changes in 4 when e varies from 0 to 1. In particular, show 
that 4=30°, when e=o ; <*-> 30°, when e-» 1 ; 4 =35°, when e = .99948 
nearly ; 4 assumes the minimum value of about 29° 58}', when e i9 about 
-99988(5; and 4 assumes the maximum value of about 30° 44]' when e is 

about 9589. 


756 (S. Naratana Aitar, M. A.) :—If 

(b—c){b -cx){b—cx > ) .(5 —ex" -1 ) 

A "" (l-*)(l-*)(l-* s )..(!—*") * 


o _(c—a)(o—ax)(c — ax*).(c—ax” ‘) 

(!“**) (I-* , )....^(l-*") 

0 (a—5)(a—b*)(a — bx*) . ( a—fcx" -1 ) 

and C fl - (l-x‘) (1-*').(l-x") ’ 

show that 

A„+A p ,-,(B l +C,)+A w _ J (B»+B,C,-f C,) 

4- A n _3(B,+B,C,-f B,C,-f C,)+. 
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The Central Point. 

By R. Vtthtnatiuswamy. 

[In connection with the present note reference may be made to Bell’s 
Co-ordinate Geometry or to Front’s Solid Geometry or 1o Salmon s Analy¬ 
tical Geometry, where analytical proofs of the properties of the central 
/joint will be found. The discussion given here, being mainly geometrical, 
will he found comparatively simpler]. 

1. A plane through a generator of a scroll touches the scroll at 
one and only one point on the generator. 

Iu what follows we shall denote the given generator by PQ, the 
consecutive generator by PQ, where PP', QQ'are both X to PQ. Any 
plane through PQ cuts P’Q’ in a point which ultimately tends to a 
definite point in PQ. Hence it is n tangent plane nt one and only one 
point in PQ. 

2. The cross-ratio of four points on a generator is eqnal to the 
cross-ratio of the tangent planes at these points. (Salmon, §470). 

For, by § 1 an (1,1) correspondence exists between tangent planes 
and the points of contact. 

3. The points of contact of perpendicular tangent planes through 
the same generator are in involution. 

For, the pairs of perpendicular tangent planes are themselves in 
involution. 

4. The centre of this involution is the central point defined as the 
point of nearest, approach of the given generator and its consecutive. 

Let 00' bo the shortest distance between PQ and P Q. Draw 
OL parallel to P'Q'. As Q proceeds to oo along the line, QQ' will 
ultimately lio in the plane POL. Hence QQ' is ultimately X to 00'; 
in other words, since OQQ' is in the limit the tangent plane at Q, wo see 
that the tangent pianos at the central point and the point at co are 
perpendicular, which proves the theorem. 



5. The constant of this involution is equal to the square of the 
parameter of distribution, 
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Let P, Q he points on the given generator, the tangent planes at 
which are _L, let P'Q' be the consecutive generator where PP\ QQ' 
are both ± to PQ. Then PP', QQ' are mutually perpendicular. Denot¬ 
ing by p'q the projection of P' Q' on a plane through the shortest 
distance ± to PQ, it is readily seen that the A Op,/, is right-angled 
at O and that 00' is the perpendicular on the hypotenuse. Hence, 
if OQ' = 5 and 0 be the angle between the generators, 

8 a =00'*= i >'0'.0V 

= P0. OQ. sin*0. sec*0. 

= PO OQ0\ 

OPOQ = -|’. = _p., 
where p is the parameter of distribution. 

Cor. If £„ be the distances between the generators at correspond¬ 
ing points, then from the right-angled A O p’q 

± = J. 1 

5 s 5|» + s a *’ 

6. The following is another method, substantially the same in 
principle, of dealing with the central point. 

Let x be the distance from a fixed origin of any point in the 
generator, and t = tan a be the tangent of the angle made by the normal 
at this point with a fixed direction ± to the generator. Then sinco either 
x or t may be taken as the co-ordinate of a point in the generator, there 
exists a homographic relation between x and t. Consequently wo have 
the identical relation 

I 1 x, /, x,t t 

l x, tj x..f, 

= 0 . 

1 tf, 

I 

I 1 X, t, X |(, I 

Now choose the fixed direction to be J to the normal at the point 
at co, the fixed origiu to be the point (which we shall call the 
central point) defined by f = 0. In the above relation, let x t , x, refer to 
the origin and the point at co respectively, so that 

*3=0, 1,-0, x, = co , L = co . 

Substituting, we find 


lr ? ='<“') 



(1) Putting f, f, = -1, ^ have *, x>=-j>\ which shews that the 
points of contact of 1 tangent planes belong to an involution the centre 

of which is the central point. 

(2) This central point is also the point of the nearest approach 
of the given generator and its consecutive. The relation 

1 = 1 + 1 

proved in § 5. Cor., holds for the central point and the point at «. Since 
6, at the point, at oc is infinite relatively to 5, we must have 6,-8 or 
the central point is the point of nearest approach. 

(3) The quantity p is the parameter of distribution. 

For a point very near the central point, it is easily seen >y 

X) si n G 

projection, asi in § 5, that f,-v • 

. - S - parameter of distribution. 

7. From the homographic relation between f and x, wc leadily 

deduce the following . 

(1) If two scrolls have a common generator and intersect at the 

somo angle a at three points in it, their angle of intersects at any 
other point is also a. 

Let t, <' he the tangents of the angles matlo by the normal, o he 
scrolls at any point in the generator with a fixed direct,on X to the 
generator. Sinle t, t are each hontographicall, relate,Uo a, the, ma t 
be hontographicall, relate,1 to each other. Hence tf 15 “ c6r “ “ 
function of 1 at three points it rnnst be the same function of t at all othei 

points, which proves the theorem. 

The theorem includes the ; particular cases of touching and inter¬ 
secting orthogonally. It is further evident that the central points and 
parameters of distribution of the common generator regarded as 

belonging to the two scrolls are the same. 

(2) If two scrolls have a common generator there are two points 

in the goner,tlor at which they cat at a given angle o 

1 o, (=tnn B, f = fan ff represent the tangents of the angles made 

1,, the normals to the two scrolls at a common point witha *« 

direction X to the generator. Let t -tan (/? + “)• ‘ lm '° „ ... 
homographic relation bet ween I and f and also between t and t , 

, , . „_a t’ + 6 Pnttine t" = t' in this, we 6ee 

holds a relation of the form t ^ 

that there ere two points at which the scrolls ont at an angle a. 



In particular, there are two points at which they touch and two 
points at which they cut orthogonally. 

(3) The normals to a scroll at points on a generator generate a 
hyperbolic paraboloid. (Salmon, §47 2). 

Consider the hyperbolic parabolid determined by the normals at three 
points on the generator. This paraboloid has the given generator in 
common with the scroll and cuts the scroll orthogonally at these three 
points. Hence it cuts the scroll orthogonally at any other point K in 
the generator. Thus the tangent plane to the paraboloid at K is the 
plane containing the generator and the normal at K. But the other 
generator through K to the paraboloid must lie in the tangent plane and 
be X to the given generator. Hence it must be the normal at K. Thus 
this paraboloid contains the normals at all points in the generator. 

(4) Consecutive normals to the general surface. 

Let Rj, R. be the centres of principal curvature at O to a surface, 
C X,C Y the axes of the indicatrix ; C P, C P' diameters equally inclined 
to tho axes. It is evident from considerations of symmetry that tlie 
normals at P, P* are equally inclined to the normal at O (this is evident 
if we consider those normals as the normals to tho enveloping cone touch¬ 
ing the surface along the iudicatrix and having its axis along O K,). Since 
further C P'=CP, it follows that the point of nearest approach (L,) of 
normals to tho normal at O is tho same. Lot CQ bo the diameter 
conjugate to CP ; P u P, the centres of curvature of the normal sections 
OCP, OCQ. Since tho curvatures of the sections OCP, OCP are the 
same, it follows that given L, we can find a unique position for P, and 
therefore also for P a . Hence an (1,1) correspondence exists between L j 
and P a . By this correspondence K, is carried to R, and R, to R x . Sinco 
tho correspondence carries two points into each other it must be an 
involution. 


Further the shortest distance between the normals at I* and O is 
parallel to C Q for tho tangent at P is ± to both the normals. If CT is 
an asymptote to the indicatrix, it follows (since CT is self-conjugato) 
that OT is the shortest distance between the normals at O and T. Since 
the centre of curvature of tho section OCT is at oo, it follows that, in the 
above involution, the point corresponding to O is at oo. Thus O is the 
centre of the involution. 

Hence OL 1 - OP J = OR 1 ‘OR i 


OLl =o^. 


• • 
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Let a be the eccentric angle of P and let r 3 = CQ. Let R be a point 
in OR, such that a line through R parallel to CX meets the normal at P. 
Since the shortest distance of the normals at P and 0 is parallel to CQ, 
it follows that 


A 


A 


L, R : L,0 = tau PCX: tan QCP 


b ub 

— —col a ; ——— cot a 
a a — r? 




UL,=OL, O^OR^R, 

OR, OP, 
=OL,—OR,. 


Thus R is same as R ; . Hence the normal meets the ttco lines drawn 
though either centre of curvature perpendicular to the corresponding section. 
(Sturm’s Theorem). 


(5) Defining an asymptotic curve us a curve on the surface, en¬ 
veloped by inflexional tangents, we have already shewn that the shortest 
distance between the normals at two consecutive points of an asymptotic 
curve is the chord joining them. Or the osculating plane of an asymptotic 
curve is the tangent plane to the surface at the same point. 

The torsion of the asymptotic curve at any point is the square root of 
the specific curvature of the surface at the same point. 

The shortest distance between the normal at T and at 0 is OT and 
we know by Sturm’s theorem, that lines can bo drawn through R, and 
R, 1 to OR, and to each other, to meet the normal at T. Hence if 5 0, 
bo the shortest distance and the angle between the normals, we have 

!=or„ or, 

0 

Hence, torsion =-= square root of specific curvature. 


(6) We can immediately deduce from this tho remnrkable 
property :— 

The product of the radii of principal curvuture at the central point of 
a generator of a scroll is equal to the square of the parameter of distribution. 

A generator of the scroll is an asymptotic curve and should in this 
oonnection bs regarded as something like a straight twisted wire, 
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haring a definite osculating plane and binormnl at each point. The 
torsion of this at the point t = tan a is 

dt I dt _cos 5 a 
dxfda. p * 

where p is the parameter of distribution. Hence by the previous theorem 
the specific curvature at this point is — s At the central point a = 0 

p* ’ 

and we have p 1 = pp' 


Corollaries : 

(i) Consider the scroll generated by the normals along an 
asymptotic curve. The asymptotic curve will be a line of striction and 

the parameter of distribution along any normal will be — - where S is 

Vs 

the corresponding specific curvature. The tangents to this'scroll at the 
centres of principal curvature will be perpendicular. 


(ii) The sum of the square roots of the specific curvature at 

corresponding points of a generator of a scroll is constant and equal to I 

P 


For, we have 


cos ? q ^sin*q _ 1 

P ~P P 


(iii) If D » 8 the central A on a generator of a hyperboloid, axes 
a, b, c we have 


D*p = abc. 


For p t = pp' at the central point. Also the tangent plane at the 
central point is A to the central plane through the generator. Hence 
by the well-known properties of the conicoid, if a, /? be the axes of the 
parallel central section 


rr D* D 4 * 


D 7 p=*abc. 
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Japanese Mathematics- 

The united labours of Ur. D. K. Smith of New York and Mr. Mikami 
of Japan, both workers of no mean order in the field of the history of 
Mathematics, have given to the mathematical world a noteworthy work 
entitled ‘.4 History of Japanese Mathematics' (Chicago, 1914). The 
hook is eminently well written and aims at a brief survey of the princi¬ 
pal features in the native Japanese mathematics or uasan, as it is called. 
Ur. Smith’s scholarly acquaintance with the history of European 
Mathematics is in evidence throughout the work, a-close study of which 
will amply repay the student . 

To us in India, familiar with the traditional methods of dealing 
with the science of mathematics, the work has a peculiar interest. The 
Japanese problems are more or less similar to those of Lilavati and are 

inspiring. 

The book is printed on excellent paper and is profusely illustrated. 
It consists of 288 pages divided into fourteen chapters and an index. 
The reader’s interest is well sustained and we make no apology for ex¬ 
tracting freely from this unique production. We cannot help regretting, 
with the authors, the dccacy of the t casern or native Japanese 
mathematics, as a result of contact with the West and the modern 
tendency to broaden the science by bringing it to the level of European 

mathematics. 

The following extracts will speak for themselves 

(1) “ Chin Chiu-shao-(1247) gives a method of approximating the 
roots of numerical higher equations which he speaks of ns the Ling-luvg- 
kae-fung , “ Harmoniously alternating evolution,” a plan in which, by 
the manipulation of the he finds the root by what is substantially 

the method rediscovered by Horner in England in 1819. Another writer 
of the same period, Yang Hwny, in his analysis of the Chiu-thang, gives 
the same rule under the name of Tsang-ching-fang , “ Accumulating in¬ 
volution,” but he does not illustrate it by solved problems. We aro 
therefore compelled to admit that Horner’s method is a Chinese product 
of the 13th century, and we shall see that the Japanese adapted it in 
what we called the third period of their mathematical history. 

It is also interesting to know that Chu Chi-chieh in the Szeyuen. 
Yu-kien (1303) gives as an “ ancient method ” the relation of the bino¬ 
mial co-eQicients known in Europe as the “ Pascal triangle,” and that 

• [A calculating dovice uaed by the Jnpanoee ia which aquare priame of 7 tnm. 
thick and 6 om. long, wero uaad.] 



89 


among his names for tlie various monads (unknowns) is the equivalent 
for thing. This is the same as the Latin res and the Italian cosa, both 
of which had undoubtedly come from the East. It is one of the many 
interesting problems in the history of mathematics to trace the origin 
of this term. 

Chu Chi-chieh writes the equivalent of u-f-5 + c + x as is here 1 
shewn, except that we use T for the symbol tai, and the modern 1 T 1 
numerals instead of the tangi forms. The square of this ex- 1 
pression he writes thus : 

1 

2 0 2 
1 0 T 5 0 1 
2 * 0 2 

1 

a method that is quickly learned and easily employed. 

The single rnle laid down in Chu Chi-chuh’s Suan-hsiao Chi-meng 
for the use of tangi in the solution of numerical equations contains but 
little positive information. The method is best understood by actually 
solving a numerical higher equation, but inasmuch as the manipulation 
of the tangi has already been explained in the preceding chapter, the 
co-efficients will now be represented by modern numerals. The problem 
which we shall nse is taken from the eighth book of the Tengen Shinan 
of Sato Moshun or Shigeharu, published in 1698, and only the general 
directions will be given,las was the custom. The reader may compare 
the work with the common Horner method in which the reasoning 
involved is more clear. 

Let it be required to solve the equation 

11520-432*—236*’+4*’+*‘=0. 

Arrange the tangi on the board to indicate the following: 

(') 

( 0 ) 

(!)• 

( 2 ) 

( 3 ) 

.( 4 ) 

12 



-i - 




1 

1 

5 

- | 

2 

0 



4 

3 

2 



2 

3 

6 




— 

4 

{ 




1 
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Her© the top line, marked (r), is reserved for the root, and the 
lines marked (0), (1), (2), (3), (4) are tilled with the tangi representing 
the co-efficient of 0th, 1st, 2nd, 3rd, 4th powers of the unknown quantity. 

First, advance the 1st, 2nd, 3rd and 4th degree classes 1, 2, 3, 4 
places respectively, thus ; 


(') 

( 0 ) 

( 1 ) 

( 2 ) 

( 3 ) 

( 4 ) 

The root will have two figures and the tens* figure is 1. Multiply 
this 10 by the 1 of eta.. (4) and add it to class (3), thus making 14 in 
class (3). Multiply this 14 by the root 10 and add it to -236 of class (2), 
thus making -96 in class (2). Multiply this -96 by the root 10, and 
ttJ d to -432 of class (1), thus making —1392 in class (1). Multiply this 
-1392 by root 10 aud add to 11520 of class (0), thus making -2400. 

The result then appears as follows: 

oo 

( 0 ) 

( 1 ) 

( 2 ) 

( 3 ) 

( 4 ) 

Now repeat the process, multiplying the Iroot 10 into class (4) and 
adding to class (3), making 24; multiply 24 by the root and add to class 







(2), making 144 ; multiply 144 by the root and add to class (1), making 
48. The result then appears as follows : 


(r) 




1 


(0) 


-2 

4 

0 

0 

(1) 



4 

8 


(2) 

1 

4 

4 



(3) 

2 

4 




(4) 

1 

1 1 




Repeat the process, multiplying the root 10 into class (4) and 
adding to class (3), making 34 ; multiply 34 by the root and add to 
class (2) making 484. 

Again repeat the process, multiplying tho root into class (4) and 
adding to class (3), making 44. 

Now move the tangi representing the co-efficients of classes (1). ( 2) 
(3)» (4) to the right 1, 2, 3, 4 places, respectively, and we have j 


(r) 




1 


(0) 


-2 

4 

0 

0 

(1) 




4 

8 

(2) 



4 

8 

4 

(3) 




4 

4 

(4) 





1 


The second figure of the root is 2*. Multiply this into class (4) 
and add to class (3), making 46. Multiply the samo root figure, 2, into 
this class (3) and add to class (2), making 576. Multiply this 576 by 


■ It » not stated how either flgnre is ascertained. 




2 anil add io class (1), making 1200. Multiply this 1200 by 2 and add 
to class (0), making 0. The work now appears as follows: 



The root therefore is 12. 

It may now he helpful to give a synoptic arrangement of the entire 
process in order that this Chinese method of the 13th century, practised 
in Japan in the 17th century, may be compared with Horner’s method, 
The work as described is substantially as follows: 


Given 

.**+4*' _ 236*’—432*+11520 =• 0. 
1+4-236-432+11520 
10 140-960-13920 

T 14- 96-1392-2400 

10 240 1440 
1 24 144 48 - 2400 

10 340__2400 

1 34 484 48 0 

10 1152 

1 44 484 1200 

2 92 
1 46 576 


Chu Chi-chioh also gives 
bers” 


roles for tho treatment of negative num 

[pp. 50—56] 


(2) “ The name of Seki (1642—1708) has long boen associated with 
the Term, a form of the calcnlns that was possibly invented by him. It 
is with greater certainty that lie is known for his tenzan method, an 
algebraic system that improved upon tho method erf the ‘ celestial 
element ’inherited from tho Chinese; for tho Yendan jutsu a schomo 
by which tho treatment of equations and other branch® of algebra is 
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simpler than by thclmethods inherited from China ; and for his work in 
determinants that ante-dated what has hitherto been considered tlie tirst 
discovery, namely the investigations of Leibnitz.” [pp. 94—95]. 

(3) <c Mention should be made of Seki’s work on the mensuration of 
solids, which appeared in two of his manuscripts. He begins by con¬ 
sidering the volume of a ring ( kokan in Japanese), generated by the 
rovolution of a segment of a circle about a diameter parallel to tlie 
chord of the segment. He states that the volume is equal to the product 
of the cube of the chord and the moment of spherical volume (that is, 
the volume of a unit sphere). 

He likewise finds the volume generated by a lune formed by two 
arcs, the axis being parallel to the common chord. Such work does not 
seem very difficult at present, but in Seki’s time it was an advance over 
anything known in Japan. These problems were to Japan what those 
of Cavalieri were to Europe, making a way for the Katsujutsu or the 
method of multiple integration of a later period. » • • 

One of the most marked proofs of Seki’s genius is seen in his antici¬ 
pation of the notion of determinants. The school of Seki offered in 
succession five diplomas representing various degrees of efficiency. The 
diploma of the third class was called the Fukudai-menkyo and represented 
eighteen or nineteen subjects. The last of these subjects related to the 
fukiulai problems or problems involving determinants, and since it appe¬ 
ars in a revision of 1683, its discovery antedates this year. Leibnitz 
(1646—1716) to whom the Western world generally assigns the first idea 
of determinants, simply asserted that in order that the equations 
10-flLz-f 12y=0, 20+21z+22y=0, 30+31x4-32y = 0 
may have the same roots the expression 

10.21.32—10.22.31-11.20.32 + 11.22.30+12.20.31—12.21.30 

must vanish. On the other hand Seki treats of n equations. While 
Leibnitz’s discovery was made in 1693 and was not published until after 
his death, it is evident that Seki was not only the discoverer but that 
he had a ranch broader idea than that of his great German contem¬ 
porary. To show the essential features of his method we may first 
suppose that we have two equations of the second degree, 

ax’-ffcx-f-c =0 
aV+b'z+c'=0. 

Eliminating z* we have 

(cCb—aV )x-f (a'c— ac) = 0, 

and eliminating the absolute term and suppressing the factor z we havo 

. (ac'-a'o)z+(bc'-b'o)=0. 
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That is, wo have two equations of the second degree and transform 
them into two equations of the lirst degree, by what the Japanese called 
the process of folding (fatarun). In the same way we may <; , transform n 
equations of the nth degree into >» equations of the (n—1) the degree. 
Prom the latter equations the uasanka (the follower of the t casan or 
native mathematics) proceeded to eliminate the various powers of x. 
Since it was their custom to write only the co-efficients, including all 
zero co-efficients, and not to equate to zero, their array of co-efficients 
formed in itself a determinant, although they did not look upon it as a 
special function of the co-efficients. On this array Seki now proceeds to 
perform two operations, the snn (to cut) and the cht (to manage). The 
san consisted in the removal of a constant literal factor in any row or 
column, exactly as we remove a factor from a determinant to-day. If 
the array(our determinant)cqualled zero, this factor was at once dropped. 
The cht was the same operation with respect to a numerical factor. 

Seki also expands this array of co-efficients, practically the deter¬ 
minant that is the climinant of the equations. In this expansion some 
of the products arc positive und these are called tci (kept alive), whilo 
others are negative and are called koku (put to death), and rules for 
determining these signs are given. Seki know that tho nnrnbor of terms 
in the expansion of a determinant of the nth order was »!, and ho also 
knew the law of interchange of columns and rows. Whatever, therefore, 
may be our opinion as to Seki’s originality in tho yenri, or oven as to 
his knowledge of that system at. all, or as to its value, wo are compelled 
to recognize that to him rather than to Leibnitz is duo the first stop in 
the theory which afterwards, chiefiy undor the influence of Cramer 
(1750) and Cauchy (1812) was developed into tho theory of determi¬ 
nants.” [pp. 121—6.] 

(4) “ Takebe (1664—1739) states that Seki was wont to say that 
calculations relating to tho circle were so difficult that there could 
be no general method of attack. Indeed ho says that Soki was averse 
to complicated theories, whilo ho himself, took such delight in minute 
analysis that he finally succeeded in his efforts at the quadrature of the 
circle. It would thus appear that the yenri was not tho product of Soki’s 
thought, but rather of Takebe’s painstaking labour. • • * 


Ho has 


oo 


* '-*[■♦? sa arc- 


for tho square of half an arc a in terms of the height h and diameter d 
of the aro.” [p. 147.] 



(5) “ Matsnnaga’s Hoyen Sankyo (1739) is composed of five books 
anil is devoted entirely to formulas for the circumference arid arcs of » 
circle, no analysis appearing. His first series is as follows:— 


*£_ 1+ 1* . l a -2* . P.2V3* 


+ 


This is followed by 


3.4 3.4 5.6 3.4 5.6.7.S 


1 S .3 J .5* 


*- 1 . V+ l 'V , . 

3 ^4.6 4.6.8.10 4.6.8.10.12.14 _P 

a series which is then employed for the evaluation of -tt to fifty figures. 
The result is the following : 

-tt =3.14159 26535 89793 23846 26433 83279 50288 

41971 69399 5751. [p. 160.] 

(6) “ Ajima (1739—1798) made a noteworthy change in tlie ymri, in 
that he took equal divisions of the chord instead of the arc, thus simpli¬ 
fying the work materially. Indeed we may say that in this work Ajima 
shows the first real approach to a mastery of the idea of the integral 
calculus that is found in Japan, which approach tve may put at about, 
the year 1775. • • • 

He gets the length of the arc as follow- : 


„ . 1* c’ , 1*.3' 

arc=c-f— f — » . 


c~ . 1*.3’ 5* 


_—I— 

■ ^ 1 a a 


2 3 d l 2.3.4 5 d 4 2.3.4 5.6.7 <i‘ 

from which other formulas mayl bo derived. 


tt + • • • 


Thus we at last find in Ajima’s work, the calculus established in 
the native Japanese mathematics, although possibly with considerable 
European influence. With him the use of the double series again 
appears, it having been already employed by Matsunuga and Kurushima, 
and by him the significance of double integration seems first to have 
been realized. He lacked the simple symbolism of the West, but he 
had the spirit of the theory, and although his contemporaries failed to 
realize his genius in this respect it is now possible to look back upon his 
work and to evaluate it properly. As a result it is safe to say that 
Ajima brought mathematics to a higher plane than any other man in the 
eighteenth century, and that had he lived where he could easily have 
come into touch with contemporary mathematical thought in other 
parts of the world he might have made discoveries that would have 
been of far-reaching importance in the science.” [pp. 201—205] 

(7) “Wada Nei (1787—1840) also turned his attention to the compu¬ 
tation of volumes, simplifying Ajima’a work on the two intersecting 
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cylinders and in general developing a very good working type of the 
integral calculus so far as it has to do with the question of mensuration* 

The question of maxima and minima had already 'been considered 
by Seki more than a century before Wada’s time, the rule employed 
being not unlike the present one of equating a differential coefficient to 
zero, although no explanation was given for the method. • • • He 

(Wftda) not only gave the reason for the rule, but earned the discussion 
still further, including in his theory, the subject of the maximum and 
minimum values of infinite series.” [pp- 224—5] 

(8) “ Thus closes the old icasan, the native mathematics of Japan. 

It seems as if a subconscious feeling of the hopelessness of the contest 
with Western science must have influenced the last half century preced. 
ing the opening of Japan. There was no really worthy successor of 
Wad ft Nei in all this period, and the feeling that was permeating the 
political life of Japan, that the day of isolations was passing, seems also 
to have permeated scientific circles.” [P* 253] 

(9) “ At. the close of the eighteenth century Shiznki Tadao (1760— 

1806) began a work entitled Ilekisho Shinthn consisting of throe parts, 
each containing two books, the composition of which was completed in 
1803. The treatise which was never printed is based upon the works of 
John Keill (1671—1721) Professor of Astronomy at Oxford. The first 
part treated of the Copernican system of astronomy and the second and 
third parts of mechanical theories. The latter part of the work may 
have had its inspiration from Newton’s Principia. It was the first 
Japanese work to treat of mechanics and physics, and it is noteworthy 
also from the fact that the appendix to the third part contains a 
nebular hypothesis that is claimed to have been independent of that of 
Kant and Laplace.” [p- 263] 

(10) “ Kurope had several thousand years of mathematics back of 
her when Newton and Leibnitz worked on the calculus,—years in which 
every nation knew or might know what its’neighbours were doing; years 
in which the scholars of one country inspired thoso of another. Japan 
had had hardly a century of real opportunity in mathematics when 
Seki entered the field. From the standard of opportunity Japan did 
remarkable work ; from the standpoint of mathematical discovery this 
work was in every way inferior to that of the West. 

When, however, wo come to execution it is like pioking np a box of 
the real old rod laetjuor,—not the kind mado for salo in our da j. In 
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execution the work was exquisite in a way wholly unknown in the West. 
For patience, for the everlasting taking of pains, for ingenuity in nn- 
tangling minute knots and thousands of them, the problem-solving of 
the Japanese and the working out of some of the series in the yenri 
have never been equalled. 

And what will be the result of the introduction of the new (occi¬ 
dental) mathematics into Japan ? It is altogether too early to foresee, 
just as we cannot foresee the introduction of new art, of new standards 
of living, of machinery, and of all that goes to make the New Japan. 
If it shall lead to the application of the peculiar genius of the old 
school, the genius for taking infinite pains, to large questions in mathe¬ 
matics, then the world may see results that will be epoch-making. If, 
on the other hand, it shall lead to a contempt for the past, and to a 
desire to abandon the very thing that makes the uasan worthy of study, 
then we cannot see what the future may have in store. 0 [p. 280.] 


J3 
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SHORT NOTES. 

The Period of the Elliptic Functions sn u, cn u,dn u. 

1. The period K of the above elliptic functions is known to be 
equivalent to the series 

.w 

where k is the modulus. [Dixon. Elliptic Functions , ]>. 79.} 

This series is the same as i-n F(J-, 1, k 1 ), with the usual notation 

F for a hypergeometric series. 

Also, from Gauss’ property of the function F, we have 

a+y) 2 “p < a.«+;-/?. /?+:. >/ > b . 

[Forsyth : Diffl. Equations, p. 214, Ex. 5 (ii)] 
so that, putting a =/? = *, y = k, we infer that 

(1+*) F( S, i, 1. **) = F [ i. i, 1, 

Hence the period K for modulus k ie connected with the period P 
for modulus p = < ^^ by the following simple relation 

(l + fc)K=P. ... ... - (2) 

In other words, the scries for the period admits of transformation 
into ^ 

*(i+Vf=F){i+(i)V+(^)V+- } . (3) 


2. The following Dynamical proof of the above property is worthy 

of notice: . . . 

Consider the gravitation potential of a thin uniform circular ring 
(centre A. radius a) at a point O, distant c>a from the centre. With 
the usual notation, we have 

[Jr+/(")] 

whero ds } ds ' arc elements at P, P . 
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Now 


sin <£ = 


rdQ 
ds * 


sin 4' = 


r'dQ 

da 0 


r y 


<1Q 


=—2 ilv I" "*♦ since a cos 4 = c sin*0. 
J 6 cos 0 

= —2^/ 


fof4 


i i 
«*» 


(l-tfcos**) 2 

where & = a/c and the integration extends over the arc of the ring inter¬ 
cepted between the tangents from O to it. 

V=4/AVfc.K, ... ... ... (4) 

integrating between proper limits. 

Again, from the formula r*=a a +c 0 —2ac cos a, 

V=/u/J —z=2^uf 7T __ 1 

C r (a’-fc*—2ac cos a)- 


—*t LV \ 
= 4 Y- v \ 


o 


ad\ 


0 [( a +c) 3 —4ac cosX 1 ] 3 


J ,[2\=aj 


• •• 


(5) 


Q (a + c)(l—J>*cos*\)“ 

_ =4fJLVk P/(l-ffc), ... 

writing p= ^Voe_ 2\'k 
*+c 1+k' 

Equating (4) and (5), we get 

P = (l+fc)K 

which is result (2). 

(3) Further, we see that, according to Jacobi’s construction, tho 
limiting point Li corresponding to the modulus p is tho focus of tho 
ellipse of eccentricity k whose auxiliary circle is the fundamental circle 
of the construction. [Dixon, § 105.] 

For 


P =|Vl>, ife l = nL„ ft 'a 

1 + *1 

= jjy hypothesis. 

1+& 

Hence t\ = i t whence the result stated. 


M. T. Narakibnoar. 



100 


Holditch’s Theorem.' 

1. Various proofs of this elegant theorem are found in Text-books 
on Integral Calculus. [Williamson. § 147 ; Gibson, p. 323 ; Carr, 5244,] 

The following demonstration may interest the reader on account 
of its simplicity : 

Let a line P B of length b move to a new position P’B\ where P P' 1 
BB' are elements of tho paths of P and B. Then, resolving the motion 
of PB into a translation and a rotation, we have 



area P B B'P' =|^JPQBP' + AP'QB' 

=ds.b sin 4 + { d 0- ••• *" ^ ^ 

where Js denotes the element PP', 4 the angle A PP' and dQ the 
rotation of BP. 


Integrating (1), the area swept over by P B is 

S — bf sin 4 ds+{fW9. ••• ••• W 

If P and B describe complete closed curves of areas (P), (B), 
one inside tho other, obviously 

S=(B)-(P) ••• ••• ( 3 > 

Hcneo from (2) and (3) ^ 

(B) — (P) =b I (d« sin 4)+J { dQ 

J p L J o 

= b'I + -nb\ ... ... ... (4) 

where I is a quantity depending on the curve (P) and the angle 4 . 


Now, if wo take PA = a on BP produced, reasoning as before, 
we should get 

(P) — (A)=o.I— 7Ta'. 

Eliminating 1 between (4) and (5), wo have 

a (B) + b(A) — (a-t-&)(P) = 'TTai(a+&), 

which is Holditch’s Theorem. 


( 5 ) 

( 6 ) 


2. In the above demonstration suppose PB, AP are variable and 
that PB : AP = 6 : a always. Thou P may bo regarded as the centre of 
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masses a, b placed at B, A respectively. Denoting PB, AP by r„ we 
have the forinalae 


r a sin <#».*+1J r , dQ 

o 

r 2 tt 

(P)-(A)-Jp r, sin i.ds-±f r , JQ 

o 

Since r,; r, = a: 6, we dedace 

a(B) + fc(A)-(a + b)(P)= a R J +6R I .(7) 

where R„ R., denote the areas described by A and B relative lo P. 

3. Prom (7) we get at once the ‘ Theorem on Areas ’ mentioned by 

Mr. R. Vythynathaswamy in a previous issue of this Journal (Vol. VII 
p. 96), viz. 

If a number of particles a^, a. t ...a n of masses m x , describe 

closed curves of areas A„ A„...A,„ then the area G described by their 
centre of mass is given by 

G.E(fR)) =E(m t A,)—E(m, R,), 

where R„ Rj...are tho areas described by a„ a,...relative to the centro 
of mass.” 


(B)-(P )=/ 


4. In this connection the following general property may be 
noticed : 


If a vector AD ( =p ) move according to any law with its ends on 
given carves r,=/,(0,), r,=/, (0,); then the element of area described 
by tho vector is approximately 

6 S = area AB B'A' = OAB-f OBB'-f OB’A' + OA'A 

= H [P+^P)ip + Sp)~pp } +ir,*50 J -ir 1 *d0 1 , 

= Up*P -f php) + *r,*50 a _ * ,*se lt 
where p denotes the perpendicular from the origin on the vector. 
Integrating 

8 = §/(P d P+P d P)+$ f r,’d0 a - } j r,V0, 

= (B)-(A). 

in the case of closed curves. 

Hence, in this case, 

f(pdp+pdp)=(X 


M. T. Naranibnqi*. 
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Note on Question 567- 

[The Journal for October 1915 reproduces the clumsy solution of 
this question found in the text-books. The following discussion of the 
problem may be of interest to readers of the Journal.] 

Let PQ, PS be opposite edges of a uniform tetrahedron of mass M, 
and let their mid-points be U, V and their lengths 2a, 26 ; let the length 
of UV be 2c, and let G be the mid-point oi UV. A plane parallel to 
PQ a nd PS, cutting VV in a point whose distance from G towards U is 
c/, cuts the surface of the tetrahedron in a parallelogram of sides 

a (l + 0> b (1_0» with angles independent of f. Since a prallelogram of 

mass m is equiinomental with particles of masses m/12 at the vertices 
and a particle of mass 2m/3 at the centre, the tetrahedron is equi- 
momental with a distribution of varying line-density.along the five lines 
PP, PS, QP, QS, UV, the density in each line being proportional to 
1 -X and the total mass of each of the first four lines being M/12 and 
of the fifth lino being 2.1//3. Since 

» f * 

| k{\-P)dt=W, J > fc(l-t , )* , dt=4A:/15, 

the part of a lino of density k(l-t') which corresponds to values of t 
between —1 and 1 has mass » if k is equal to 3n/4, and the line is equi- 
inomental with three particles, one of mass >i/10 at oach end and one of 
mass 4n/5 at the mid-point. It follows at once that 

• A uniform tetrahalron of mass if is equimomental with a system of 
eleven particles, one of mass ilf/60 at each vertex, one of mass M/ 15 at the 
mid-point of each edge , and one of mass 8M/15 at the centroid.' 

The deduotion of the familiar systems with five particles, of whioh 
four are at the vertices, and with seven particles, of which six are at 
the mid-points of tho edges, requiros only applications of the theorem 
that a sytem of three equal partiolos of mass m/3 at tho mid-points of 
tho sides of a triangle is equimomental with a system of fonr particles, 
one of mass m/12 at each vortex and one of mass 3m/4 at the centroid. 

It is evident that tho method used here is applicable to many other 
problems, and it is interesting to uso it in the case of a triangle. A 
uniform line of mass m is equimomental with partioles of mass m/6 at 
its end-points and a partiole of mass 2m/3 at its mid-point, and the in¬ 
tegrations of t, t\ and f* from 0 to 1 are sufficient to show that a line PQ of 
mass » whose donsity is proportional to distance from P has its centroid 
at the point of triscotion nearer to Q and is equimomental with three 
particles, one of mass nf\2 at P, one of mass n/6 at Q, and one of mass 3»/4 
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at the centroid. It follows that a triangle ABC of mass M is equimomentai 
with a system of seven particles, one of mass M/12 at A, two of mass 
M/36 at B and C, one of mass M/9 at the mid-point, of BC, two of mass 
M/8 at the points of trisection of AB, AC which ar** further from A , 
and one of mass M/2 at the centroid of the triangle. Superposing three 
distributions of this form each with total mass M/3, we find a symmetri¬ 
cal system composed of thirteen particles, one of mass !,M/l6g at each 
vertex, one of mass M/27 at the mid-point of each side, one of mass 
M/24 at each point of truection of each side, and one of mass M/2 at 
the centroid, and this system can be replaced immediately by a system 
of seven particles, one of mass M/18 at each vertex, one of mass M/9 at 
the mid-point of each side, and one of mass M/2 at the mid-point. 

Ebic H. Neville. 

The Face of the Sky for July and August 1916. 

The Sun 

enters Leo on July 22 and Virgo on August 23. 

Phases of the Moon. 

J*Jy* August. 



D. 

u. 

M. 

D. 

H. 

M. 

First Quarter 

... 8 

5 

25 P.l m. 

7 

3 

35 a. if. 

Full Moon 

... 15 

10 

10 A. M. 

13 

5 

30 p. if. 

Last Quarter 

... 22 

5 

3 A, M. 

20 

6 

23 p. m. 

New Moon 

... 30 

7 

45 a. u. 

28 

10 

54 p. m. 


Eclipses. 

There is a lunar eclipse on July 15 and an annular solar eolipBe 
on July 30—-both invisible) in India. 

The Planets. 

Mercury which is a morning star in July is in superior conjunction 
on July 28 and is an evening Btar in Angust. It is in conjunction with 
Venus on July 14, with Saturn on July 22, with the Moon on July 30 
and on August 31, with i) Gemini on July 12, with Caneri on July, 
28 and with Neptune on July 27. 
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Venus is in inferior conjunction on July 4 and is stationary on 
July 25. It attains its greatest brilliance on August 26. It is in 
conjunction with the Moon on July 27 and on August 24. 

Mars is in conjunction with the Moon on July 6 and on August 4- 

Jupiter is in quadrature on July 27. It is stationary on August 25. 
It is in conjunction with the Moon on July 22 and on August 19 at 
about 5-30 a. m. 

Saturn is in conjunction on July 13. It is in conjunction with the 
Moon on July 29 and on Angnst 25. 

Uranus is in opposition on August 10. It is in conjunction with 
the Moon on July 17 and on August 13. 

Neptune is in conjunction on July 25 It in conjunction with the 
Moon on July 2, on July '/9 and on August 26. 


V. Ramssau. 
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SOLUTIONS. 


Question 245 . 

(H. Br.) Two carves S, S' are snch that if P is any point on S and 
P' on S', 

PF=/,(0 + f,(O 

where t, /' are the variables in terms of which P, P' may be expressed 
respectively. Shew that the carves are the focal conics of a system 
of confocal quadrics. 


Solution by -V. Durai R-ijan. 

Let (X, V, Z) be the co-ordinates of a point P on the 1st curve, 
expressed in terms of a single variable T. Similarly let x, y, z, t refer to 
the 2nd curve. Let PQ, pq be the tangents at P, p and let 

0 = Z between PQ, P p 
4-=£ . pq » p? 

A>=£ . pq< PQ 

(PQ, pq are not coplanar) 


By hypothesis 

(X-x)*+(Y-y) f +(Z-£)*=R*=[F(T)+/(0]> 

Differentiating 

I( x—*>^= r !4’ = r- f '(t) 


0) 


00 


VX-^ <ix 

Zi R * dT* 


1 


= _F(T) 


V(©+--+- 


VX'’-f Y'*-f Z' 1 * 


Hence cos 0 is a function of T, and 0 is constant if T is constant. 

Thus if P be kept fixed and p varies, then the cone described by P^ 
is right circular, its axis being PQ. 

Hence both the curves are curves lying on right circular cones. 
Differentiating (2) with regard to T, we get 

X(X-*)X"+EX'*=[F(T)]'+F'(T)[F(T)+/(0] 

= [nT)]*+?Jg)E(X-*)X' 

E(z-X)(X"-X'.^"©) =EX’’-[F(T)]>; ... (3) 

i.e. if P be kept fixed, p lies always in a plane. 

Hence the curves are plane curves and lie on quadric cones. 

In other words, the curves are conics. 

14 
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We know that the loons of the vertices of right circular cones 
standing on a given conic is another conic in a perpendicular plane and 
these conics are the focal conics of a confocal system of quadrics ; whence 
we infer that the given curves are the focal conics of a set of confocal 


quadrics. 


Verification : The conics are 

gl ■ y' _! n- . ** _ *_ =1, y=Q; 
d 2 — c 1 6 9 —-c 9 ' u 9 —6 9 6*—c 1 

(X, Y, Z) = cos f, Vb*—-c* sin f, 0, 

(x, y, e)~ y/d'—b' cosh *\ 0. Vb’—c* sinh t". 

R 5 —(Vu*—c a . cos t —v«*—6* cosh + —c’) sin’ f 

+ (6»-c*) sinh 1 <' 

=cos»* (a’-e’-b’+O+cosh* *' (a’-b’+b’-c 5 ) 

—2 cosh <' cos < Va*—b*> yja 1 — c*-f (b*—c J ) —(b* 

= [Va* — b 5 . cos /—Vu l —c*. cosh f'J . 

By equating =0, we get on redaction the theorem 

cos tj> = cos 0. cos 4- 


-c>) 


Question 353- 


(S. Ramanujan) :—If n is any positive odd integer shew that 

ao 

f sin fix dx _ ’tt 

J 0 cosh x + cos xx 4 

and henco prove that 



for all odd values of n. 


Solution by A. C. L. Wilkinton , M. A., F. B. A. S. 
To evaluate 



sin x dx 
cosh x+oos x x 
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Consider 


/ 


t 6 — c“ dz 
e* + e' = ~i 


taken over the following contour ; (1) the z-axis from O to R, (2) the 

quadrant of the circle centre the origin and radius R, (3) the y-axis 

from R to 0, where R tends to infinity. The infinities of the function 
are given by 

5 (1—0=(2» + l) nr, or 2z = — (2n+l) -rr (1—t) ; 
anil all these lie on the line y + x = 

Let (a, /?) be any point on the circular qQadrant, so that 


then 


a + t/?=Re ,10 > 


CO 

/ 


dz 

t*+e' 


T+J 


’■n a -ft/? "/? 4- ia 


00 


—e 


o e a +»/? , ~li + «a 


r a idQ ~ I 


t' x +e~* x U - 


The function in the second integral is equal to 1 everywhere on 
the bonndary of the infinite quadrant, whence, collecting the first and 
third integrals together, we have 

co 

j sin z dx 7T 


o 


coshx+cosx x 4* 


For the second part it is sufficient to establish that 


CO 

/ 2 co s 2rx si n z dx _ q 
0 cosh x +coax z 


for integral values of r. 
Consider 


j sin z (1—cos 2 rx) dx 
J Q cosh x+cos z x* 


Tho integral is the same as 
co 


f 2 (1 —COS 2 rx) t ^ . 

J 0 -“- J i c x-<r* x p in 2x+e" 5 *sin 3x-... } 


dx 


n=co c» 


- 2 / { 2 6in (2r+n)x+sin (2r—u) x > d» 


n=l 
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n =00 


= 2 


» = 1 


00 

f e-° x s\n bx A . _i b 
since-- ax = tan - 

J . * a 


1i =cc 


= 2 


n = 1 
n = aj 


= ^ (_y i -i| an - , ^ r = -^(Hroimvich,/»/i»>t<« Senes, p. 259, Ex. 34), 


» = 1 

whence 
a. 


j * cus 2rx l /x =0, and I _——-—= ", for » odd. 

J 0 cosh x-f con x.x ' 0 cosh x+cos x x 4 


00 


Sill MX 


dx -n 


Consider 


_ 

; , s\ Vcosh 2 cos 2 / s 

+ U0S-) 

M ft/ 


1 _ / 1 

J (cO.hf + .OS^ 

where » is an odd integer. This remains finite for the points at which 

cosh-+cos-vanishes, sinco when n is odd f cosh-+cos-J is a factor 
»» » ' n n ' 

of cosh 2 + cos -■ 

Thus the infinities of the function we are integrating are 

. o ._.(2 r+l)« „_+(2 r+)i* 
z — u » — ^ 2 > 2 

whore r is a positive integer. 

Integrate over the following contour 

(1) an infiuitestinal circle surrounding z =0 

j- , (2r+l)7T ,, „ . (2r+l)»TT 

(2) circles surrounding c = ± V —X_^_and z= 

(3) a circle of infinitely great radius R so chosen as not to pass 

, . , (2r+l)'ir (2r + l)»<rr (fc+l)-*,, ^ 

indefinitely near tho points —^^ > 2 

The last condition is required in the discussion of the integral over 
tho circlo of radius R even though it is not a point at which the inte- 
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gral becomes infinite. That this is possible is easily seen. For take 
R = *tt, where k is an integer and suppose km = ^ + £ then 

R = (4-f-l)7t satisfies oar conditions. 


The integral round the circle s = ( 2r ±_ 1 i! r „: Tpe 


2m 'j chL^+oj 

( 2n 


___ =1 _ _J_ ) 

9 - + cosh ( ? r + 1 )' n ^„ ( 2 >-+l)7T (2r+l) w C 
ln 2 » 2 2 - ) 


4i 


1 


2r+1 cosh (2^1)7r o (2r+l) 7T 

2'» 2n 


Tho integral round the e.ir,d» r- (2r + 1 )» T T 


gives 


2 7It\| 


_ 1 _ 1 1 \ 

co a ( -gr+o? +cosh (*±12?;^ (_*+ l 

2,1 2 » 2 ~ 2 ) 


v ^ •I 7 TTT* 


* r+1 MS h &+!>?+cISr±S? 

2 /* 2 u 

The integral round 5 = 0 gives 2ir». 

Denoting by S the series 

_L__i_L_, 1_ 1 _ 

c °sh^ + c°s|- 3 co8h^+cos|? 5 coshi?'- — 5w 


wo have 


5Tn +C0L 2n 


—16 t S-f 2‘nt= j 


2m 


cosh -+cos 
0 n 


—4-coa— ( COsh 2 + C08 s ) tdQ ' 


n 


«9 


whero *=Rc =a-f t'/?. 


Now the functions 

2 cosh f=e a+ * /? +e _a ”*‘ tf 

2 cos z=e ia ~#+ e - ia +# 

a +'fi _q +»/? //-ia _/?—j'a 

2^cosh^-f-cos^ =e M +e M -f e M n 

All have an infinitely great modulus in general, the exceptional cases are 
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(1) /?= 0, when cos z = ±l by tho above choice of K-k-n or 
(fc-f l)”rt and cosh -+cos - is infinite, 

(2) a =0, when cosh = = ±1 and again cosh l+cos =- is infinite, 


(3) a =/?, when cosh 1+cos^ vs not zero 


K and cosh z and cos z are 
Thus cvoiy element 


both infinite, 
of the integral on 


by the above choice of 
the right is zero and 


therefore 



Question 652 . 

(S p. SiNOABAVKLU Mui.auar) From a point (eccentric angle 4) of 
an ellipse of semi-axes a, b, three normals are drawn to the ellipse ; show 
'that the square on the radius of the circle passing through the feet of 

the normals is $ 

(“ + ^)' c0!l ’ ++ ( i+ ^b) ain '*' 

Additional solution by K. B. iladhava. 

Let the equation of the ellipse be - 1 - C 1 ) 

Then the equation of the rectangular hyperbola which passes 
through the feet of the normals from the point (4) is 

xy+b* sin <M— a * cos 4*!/ = 0 » ••• W 

so that eliminating x, we get as the equation giving the ordinates of the 
four foot of the normals from (*)-one of which of course is * itself, 

_&*)» q. 26’ sin 4 («•— b'W+y'Ka* &* cos’ 4+& sin 4 
-.&*(a*-6 a )*]—25‘ sin 4 (a*—&*)y—sin* 4=° — ( 3 ) 

Therefore rejecting the root ‘ 4 ’ of this equation, tho equation giving 
the ordinates of the threo other points is 

y» (o *— b'y+b sin 4 (a'-b'){a'+b*)y'+b'(2a'-b')y+ 

b 1 sin 4—0* ••• ••• *** *** ^ ' 

Now let us suppose that 

a^q.y»q-2</x + 2/y4-c=0 ... \P) 

is the circlo which passes through these threo points. Eliminating *, 

between (5) and (1), wo get ns the equation giving the ordinates of 

these threo points and that of a fourth point of intersection 

y « (a ._by_4 / 6* (a*—6*) y’+y’ W & 4 +2i* (c+a’)(6'-a*)+46W) 

+ 4/6‘(c + a*)y+ b ‘Cc+ a V- 4 S W==0 - •** ^ 
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Bat it is known that this fonrth point is diametrically opposite to 
the foot of the fourth normal which in this case is ‘ <? 

Multiplying (4) therefore by the factors (y + 6 sin <j,) we get a 
quartic which can be identified with (6). Making the necessary 
redactions we have 

sin *==-^ c09 <*c = -(<*’+&’)• (7) 

Hence the equation of the circle (5) is 

**+y*“~*cos<*-_2?y s i n <p= a '+b\ 
a 0 

The square on its radios can be pot in the form 

( a+ ^y co *'*+ ( 6+ ^) 8in * *• 


Question 675. 

(K. Appukuttak Eeadt) :—Show that 

(1) f * C ° b 0COS ( b K J n 9) dQ = ■ 

J - 1 _9/t one D 1 /»1 1 _ Q* 1 


1— 2a cos 0 + a* 

( 0 \ f" l°ff d-26 cos 0+6*) , n 2n , 

(2) L 1—2u cos 94-u J rf0 = l= 3 ,o S<l 


o 

7T 


— ab). 


Solution by K. li. Madhava. 

The question is not rigorously worded ; it is obvious that we 
should have o<a<l in either case, and o<(&) a <l in the second, in 
addition. There are various ways of establishing these well known 
results. We will employ the method of contour integration so as to 
bring out prominently the necessity for the limits of a and b. 

Put c — cos 0 and corresponding to the interval 0 to 2 it for 0. we 
shall have as the rogion of the variable s, a circle (c) of radius (a) 
about the origin and then the integral 


(i)=i f 


J* bB 


e 


o t (1— a:)(s-a) 
which has a simple polo at s=o, if and only if o<a<l. 
For the residue there 

lim (z— a)e bc _ 0 ab 

~->a t(c — a)(l — as ) ~f(l—a’) 
and hence by Cauchy’s theorem, the given integral 


e 06 


\)j equating real parts 


(1) =i- 2 n 

*(1—o’) l—o 


(A). 
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Again, for the second part, the integral 

_ f 2ir i_log (1—26 co s 9-H»* ) jq 
~ j Q 1—2a cos G + a*. 

which by the same transformation as before 

= real part of f ^ z ' 

J o *(1—ai)(s a) 

which has got as its only pole ==a, a simple pole ; if (A) is satisfied 
and in addition o< 6 a<l. (B). 

Evaluating the residue as before and applying Cauchy s theorem, 
the integral in question 

= 2l L^ log (1—ah). 

We thus see the necessity for conditions (A) & (B). 

Question 697 . 

(S Kbishnasawmi Aiyangar) The base BC of a triangle is given 
in magnitude and position. If the intercept on the tangent to the 
incirclo parallel to the base and terminated by the sides is of constant 
length, find the locus of the vertex. 

Solution by Marty) » M. Thomas , H. D. Karve and others. 

Let k be the constant intercept; then 

fc = r( tan -B+tan^) 



B C 

co 9 __cos- 


=4Rsin-£sin-|sin 


A 

cos- 


B C 
cos — cos T 


B C 

= 2R sin A* tan —- tan —- 


=a. 


a 


Since k and a are constant, it follows that s is constant, and there¬ 
fore fc+c is constant. 

Honce the locus of A is an ellipse with foci at B and C. 
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Questions 702 and 715 

(Mabtyn. M. Thomas) Prove that 


(i) [ 2 sin x (log sin x) cos x (log cos a) Jx=- —; 

J 48 

o 

(n> 

V 2 

[N.B. —Q. 715 is only a repetition of Q. 702 (i).] 


Solution by J. Hf. Bose , JfJ., B. Sc. y D. Krishnamurti , 

K . 11. Rama Iyer and others. 


«/ 


2 . 


sin * log (sin x) cos * log (cos x ) <7x. 


The required integral becomes 

1 C 1 

_ I log z log (1 —z) c/s, on putting sin x=z-. 
K * 


Now 


Ij logs log (1 -s) dz = -I| ^Vlog z dt 
n o O J n 

CO ! 

=-|[S„i+r)( ,08S -T+i)]- 

1 n 


and it is easy to prove 


L z r log z = 0. 
2 = 0 


lienee the integral becomes 


8Sn(n + l) ,+ 8-S( n(«q-l) («fl)0 


8 \ 6 ^ / 48 ' 


Hence 


and 


2^FT) _ i3 + £3 + "" -1 - 


2(^I)-.+ 1 =F+^ + " ! ” =?■ 


15 
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* 

f sin x 

00 

J o 


sill x lug uos x dX ' 
x 


We have 


log cos x = - log 


V f-.l\ n + 1 

o-g /_j - - - -cos 2 nx. 


Hence 
oc 


f°° sin x log cosx //r __ lnc2 f* sin* ; 
J o x ^ o 


oc 


o 


+ Y (-1) 1 f sin X cos 2nx dx 
^ n J o x 


cc 


, ~ r sin x, 

=1 — log 2 J —~dx+ 

o 

v (-D n+1 r r K »ii . r 

n L-' n Jo ® 


co 


= -log 2-^+i - T 2 + 2 ] 

= --.o B 2 + | 2t l^ 1 

CO J 

= -^!og 2; since 2 (-l) n+1 *n = 0 . 


Question 7®4* 

(S. Malhabi Rao, B. A.) If the sum of ft nnmber of three digits 
and the nnmber formed by reversing the digits be dmBible by 37, shew 
that the sum of all snoh pairs of nnmber is 480 x 37. 

Solution by K. J. Sanjana and N. S. Rajvadt. 

If the digits of any nnmber be *, y, *, the snm of this and the 
number formed by reversing the digits is 101*+20y+10I*. 

Now 101a+20y+101« =111 ((*+0-10 (*+»-2y). which wUl be 
s multiple of 37 when *+«=2y, in which c.eo the Bum of thm p.w of 

uumtows iB 222 y, ^ rlHc 
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If X ~^’ Jt is seen thafc when «e = l, ^=3 or 5 or 7 or 9, and y is 2, 
3, 4 or 5 ; when x = 2, y = 3, 4 or 5 ; when x= 3, y= 4, 5 or 6 , omitting 

numbers already accounted for. Similarly, when * is 4, 5 , 6 , 7, y has 
the values 

5 or 6 , 6 or 7, 7, 8 ; 

and there n no further numbers. The sum of all the possible values 
Ot y being 80, the sum of all the numbers found is 222x80 = 37x480. 

When x=s, x, y, r are all equal ; in this case we get the numbers 
(unaltered by reversion of digits) to be 111 , 222 ,. 999 , whose sum is 

x ( +2...+9)_37x 135. The proposer has evidently excluded 
these from consideration. 

Additional solution by K. D. Aladhava. 


Question 706. 

(N. Sankara Aitar, M.A.) If » is any number, show that 

_ l _ + i 1 ,13 1 

(»+l)(»+2) 2 (>*+2)(,*+3j + 2-4 (^+3)'(»+4) + "* 

=2 r(«+i)r(»+ 2 ) 

r(2u+4) • 

Soiution by K. App'Jcuttan Erady, K. B. Aladhava a,ui 

K. J. Sanjana, Al.A. 


and 


The left hand side is the difference of the two 

_L+!_!_+w 1 , 

n+l 2n+2^2-4 »i+3 + - 

I 4 I 1 +W 1 , 

>»+2~2 n+3^2A S+4+-* 


each of which is absolutely convergent. 


sories 


Hence the given expression 




”+1 

x 









•M-* 

X 



"+1 

* (l-*) 




dx 
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1 « 


But 


= J * (1—z) 2 tfa = B (»+l, 4) 

_r(«+i)r(S) __ir(n-fiV^ 

n^lT ’ 2 l>+5/2)* 

r(»i+2) r(«+2+i) = ^ r ,r(2»+4). (Williamson, p. 164). 

Hence the result. 


Question 709 . 

(R. ShimvasAN, M. a.) The common tangent to the nine points 
circle of a triangle ABC and the ex-circle opposite to A meets BC in D j 
E and F are corresponding points for CA and AB. Show that AD, BE, 
CF are concurrent. 

Solution (1) by K. J. Sanjana ; (2) by K. Appukuttan Erady. 

(1) Let the cx-circle tonch BC in X, and the nine-points cirolo 
in T ; take M the mid-point of BC and L the first of the perpendicular 

on it from A. 




D 

-+ 


B * ' *p5T L 

Then DXj = DT from the ex-circle, and DT' = DM. DL from the 
nine-points circle. Hence DX 1 *=DM'DL ; 

DX,_ DL _X,L . . BD—(s—c)_ c cos B-(s-c) 

DM DX, X,M m la—BD £a-(s-c) ‘ 

The right side redaces to 2s/a, on multiplying by 2a abovo and 
bolow ; hence BD (a + 2s) = su-f sa —ac = d i +ab, 

so that BD = 

2a+b+c 

CD = °t a +?l, and 5P =‘*4 i> . 

2a+6+o CD a-f-c 

Similar results hold for 

CK , AF 
XE am BF * 

and tho product of the threo being unity, AD, BE and CF aro concurrent. 

If the common tangent of tho nine-points circle and the in-circlo 
cuts BC in 1’, we can show similarly that 

BP: CP = 6—a : c-a. 

Of course P and the two similar points for CA,|BA, are collinear. 
(2) Let the equation to tho ox-circle opposite to the angle A be 
a/?y+ by a + ca/3 + (la -f m/3 + »y)(aa + b/3 +oy) =0, 
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where this meets a —0 wo must have 

S _ y 


Hence 


c(«—fc) 6(#—c) 


771 


U 


+ J -=0 


b(t—c ) c(s—b) be 
Again where the circle moots /?= 0 we must have 

• 

c(s—6) — at ' 

hence 




... ( 1 ) 


l 


m 


+i=0; 


• * • 


... 


( 2 ) 


as £>($ —c) ah 

and the corresponding equation obtained by finding where the circle 
onte y=0, viz., 


I 


771 


+-i=0. 


at 6(6—c) ab 
Solving these equations we get 

be — ' 


... (3) 


ac ac 

Now the equation to the nine-points circle can be put in the form 

a/?y + 6ya+ca/? + Q>a + ? /? + ry)(aa+6/?+cy) = 0 

where p = a ^ , and corresponding values for q and r. 

Now the equation to the radical axis of these two circles is 
(j>— 0 a + (j— m)/J + (r— n)y=0 ; 

which, when the above values for l,m,n,p,q,r are substituted, reduces to 


or in aroal co-ordinates 


=o 

6—c a+c a+6 


6—c a+c a+& 

Hence the common tangent of the nine-point circle and the ex- 
circle opposite to A divides BC in the ratio of (a+ 6) : (a+c). 

Similarly, the other common tangents corresponding to the other 

ex-circles divide the sides C A, A B in the ratios 6+c: 6+a and a+c: 

a+6, respectively. The product of three ratios being unity the straight 

lines joining these points of division to the opposite vertices are con- 
current. 
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QUESTIONS FOR SOLUTION. 

ERRATUM 

549- Corrected —(K. J. SANJANA, M.A.) : — If 

S r =l r -2 r +3 r -.(-)" +, » r . 

M 

prove that 




when r is even and n is any integer equal to or greater than r. [When 
« = r— 1, tho result'.is unity.] Shew also how the value of the series may 
bo found when r is odd. 


757- (S. Mai uari Rao, B. A.) :—Give a solution in positive 
integers of tho equations (1) x* —6y*=l, (2) sc”—17y*=«®. 

758- (S. M alu ah i Rao, B. A.): —If tho integers x, y, i represent 
tho sides of a right-angled triangle and x, z are primes greater than 
5, shew that y is a multiple of 60 ; and that x- 4 -z = 1800, when y = 1740. 

759- (K. Appokottan Krady, M. A.) :—Three circles of radii a, 6, o 
touch one another externally. If the radii of the circles touching them 
ho r, / (r<r'), show that r, — r arc the roots of 


780. 


(K. Appokuitan Erady, M. A.)If 
* (n) =n + n(n+l) + n(n+ !)(»+2) 


show that 


m . / ( 3 ) 
1 ! + 2 ! 


/(l)+^+^ + 


=o. 


761- (Marttn, M. Thomas, M.A.) :—Apply tho method of tho 
Instantaneous Ctntre to solve the following :— 

At evory point of a piano curve a lino is drawn making a given 
angle a with tho normal, and let tho envelope of these lines be termed 
tho a— evolute. Provo that tho Q —ovolute of tho a— evolute of any 
curve is the a— evolute of the /?—evolute of the ourvo. 


[Madias, M. A. 1911.] 
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782- (Professor K. J. San Jan a) : — Two equal uniform rods AB, 
BC, rigidly jointed at B at an angle 2a, float in a liquid in an asym¬ 
metrical position, with the angle B outside the fluid and A and C im¬ 
mersed : prove that the ratio of the specific gravity of the rods to that 
of the liquid must lie between 


l + sin J a 

2 


and 


2 sin*a 
l-fsin’a' 


If the angle B is immersed and A and C are outside, the limits are 


cos f a 
1-f sin*a 


and 


cos*a 


2 


763- (S. R. Ranganathan, B.A., Hon.) A comet is moving along 

an arc of a parabola, which has the Sun at its focus. Show that the 
amount of heat it receives from the Sun in any interval is proportional to 
the angle through which its direction of motion changes daring that 
interval. 


764. (b. R. Ranganai nAN, B.A., Hon.) Find the form of a solid 
of revolution, into which a given quantity of matter of uniform density 
should be pat so that its moment of inertia about a diameter of the 
equatorial plane may he a minimum. 


765- (Mart™ M. Thomas, M.A.) Find the simplest Cartesian 
curve in which, if the abscissae increase by unity, the radii of curvaturo 
increase in the ratio of the corresponding slope of the curve. 

766- (S. Kbibhnaswami Iyengar) :—Find the value of 


. 


767- (S. Kbishnaswami IyenOah) Show that 

1__L 4 .J__._J_ ( _ \m 1 

2*5^2*1) 2' , 13’*''‘ ; 2^(4»» + l)" - 

= i log 5 + > tan" 1 2. 

768- (S. Ramanujan) :— If d, ( x ) = , 

ar+z+l 

show that 


G) \ 4- (A+ U (* h + i + («*)+...= * + 1 

o y 29 log x 1—ar 

for all positive values of x; and 


GO 5+(A)+l4,(»b+i*(«*)+...=- I A- 

for all negative values of x. 
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769 (S- Ramanujan) Show that 

1 1 


log 2 f 


2 log 2 log 4 + 3 log 3 log 6^ 4 log 4 log 8 

1111 1 


+ •••) 


+ 


S > Sa i 8 ' &i i Ss 

T 2 + 3 4^5 


2 log 2 3 log 3 4 log 4 5 log 5 ' .. log 2* 

770 , (S. Ramanujan) :—If S„ denote the number of divisors of n 

(e.g. t Si = l, 5.=2, 5,=2, Si=3,...). stow that 

6i_S>4__5 s—. 

\ ] 0 X 3 + 5 7^9 

is a convergent series ; and 

(») 

is a divergent series in the stn'cf sense (*.«., not oscillating). 

771 (K B. Mauii.wa, B. A , Hon.)In his solution to Q. 629, 

Mr. Bhimasona Rao, uses Bromwich P. 447, Ex. 4, (after the method 

of Dirichlet’s integrals), to show that if 

00 

+(<)= 

7* = — CD 

wo shall have 

4,(0=i -i <l<(!)• 

This result is due to Jacobi. See Qes-Werke. IT, p. 188. 

, — c'-nt 

Verify this b, integrating J - g ^ - <>■ round a rectangle whose 

J e —1 

vertices are ±(R+$)±» and making R -> ® in the usual manner. 

Show also by the same method, that if t>0, 


CD — 11*11 


^ e -n , 'rTf-2n7Tat = t -5 e 'ffo , < j 1 + 2^ ^ * 


cos finiro 


— CO 

also duo to Jacobi. 
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Stability and Oscillations of Plan© Kites- 

By J. M. Bosr, M.A., B.Sc. 

(Continued from page 40.) 

6 . It ia obvious now, that tlie stability of a plane kite depends 
entirely on the mode of attachment of the string. If the resultant ten¬ 
sion always intersects the'axis of symmetry, then some of the equations 
of the previous articles require slight modification. 


Let E' be the point where the resultant tension intersects the axis 
of symmetry, H the point of bifurcation, and HP the perpendicular on 
tho y- axis, and let 

GE' = //, 

K'P=.t, 

GV=b, 

HP = p. 


Sinco 


h+x=b. 


h = b-{-p cot 4 +X ; 

dh = —p cosoc* 4 . 0 +X d<f> = — p'q* say, 


so that 

where P —P cosec* <f 0 +X=p sec*0, 

0 being tho angle between the y-nxis and the perpendicular to the string 
and tjj is assumed to bo constant for the present. 

Thus h=h 0 —p’£ 

whoro h 0 =b—p tan 0 n . 

Using this ivalno of h the equations (1), (2), (3), of § 2 remain 
unaltered, but 

A0,=r—T(A„ sin 0+f'cos 0)e~ vRt>— t JowR«.“T} o 0,Ri 


—cR 0 <£'(a)( 


\c cos a t; am a n y cos a 
* y-rtfi 


) 


V y 1 y J ••• 

B 0 *=O ••• ••• ••• ••• mi M» (5y 

C§,= — h o T(0cos.X-fX sins) ... ... ... ... (Q)' 

taking (2), (3), (4)' and proceeding exactly ns before, we get the 
biquadratic 

a‘\ + 6 \*+c\'+ d\ +« = 0 , 

whore 

a=AM* 

h=M^M ^Ro(^^ycosa)+Yj 0 R 1 J. 
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= il j^MT (//'cos 0 + A o sin 0) + 

{ +'(«) cos «(y R w —R,) j. J 

</ = M J^TR^p' cos 0 + 7,„ sin 0) + aR o R v 


cR, 

V 


R. 


,» jsiu a 1 

-R„ — c*(a)J 


e — —y- «$'(«)(Rw sin a + R v cos <*). 

lh ese coefficients can be put into different forms by using the 
different equilibrium conditions; for instance, we have 

W h 


R«= 


cos a=KSV J /(a) ; 


K’.S’X ‘ {/(a) } * c^'(a) cos a 


. , . . ° *■>"* 
hence multiplying the determincutal equation in X by g\ wo may write 
e in the form 

h 0 2\V 

U' 1l o~ Vo Q 

corresponding to Prof. Rryan’s (33), Stability in Aviation, p. 43. 

7. So far we have assumed the length of the string to bo infinite. 
We now proceed to the discussion of the more important case, by taking 
into account, the vanaiion in the magnitude and direction of the tension, 
and also assume the length of the string to be finite. 

nr L nn U p e *u th V ,0in V V J 1CrC the strin fe' bifurcates into two branches 
’ HD ; 1 the foot of the perpendicular from II on the y-axis, and 

f th ° an ? le , AUo lc< § «»> C be the small increments of \ and 

respectively, and a = rj 0 

8. Longitudinal Stability in the case of finite string. 

The roots of the biquadratic given above determine the velocities 
at the end of any time. We next proceed to show that if we assume the 
independence of symmetric and asymmetric oscillations, then it is 
possible to obtain a biquadratic the roots of which determine the 

rtr:; he £ te a , th ° ena ° f ** ^ and *• »»*■» *>« 

v ^ t ^. biq ^ adrafclCWillals ° determino the conditions for 
longitadinal stability of position. 

c» .0 . tad ta namely Thi T dir< ’'’ t '° 0 

pond roapootively to our 0 aud ■. nz0nt0 '- Tho symbola thorofore corroa- 
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Let X and 4 be the inclination of tlie string and kite to the 

vertical, and let »t bo the length of the string. The accelerations of 

• • • 

the point E', where the string cuts the axis of symmetry are (r-rX*) 

and 1 jL (r'-X), and the accelerations of the centre of gravity relative to 
j r dt 

this point are ()i— h 4°) and I ~ (fc*4). Hence applying these at the centre 

n Jt 


of gravity and taking moments about E’, and about the point where tho 
string meets the ground, we get the two equations 


M h cos 0 (r-rV)+M h. £ 57 (/»’ 4 ) + M k* h sin 0. \ (r>\) 


=(h—u) R—W h sin 4 ••• (1) 

M (h + r sin 0) I ~ (7i»X)+M /» cos 0 (r-rV) 

—M (r+h sin 0)1^- (»*X)-pM A* 4 —M r cos 0 (h—h 4 s ) 

= (h—a+r sin 0) R—W (h sin 4 + r *)• (2) 


Those are exact equations, but since wo arc concerned with small 

motions only, we may reject 4 1 and V and regard h, r, sin 0 , cos 0 on 
the loft hand side of the above equations to bo constants. 


Tho variuble part of r is HE'=^> sec 0, so that 


‘'='jp (P see 0)=/ sin 00 0=/ sin 0 O (4+*) 

r =y sin 0„ (4 + ^) 

• • • • •• 

h=— j>'( 4 +X) approximately, 
where p =p sec* 0 O . 

Introducing those and replacing (2) by the difference of (1) and (2), 
wo have tho two equations 

M(A 0 p tan 0 o +fc'+&’ o )<H*M h c (p tan 0 O —r 0 sin 0 O )X 

= (/t— tj)R—W h sin 4 ••• ••• C 1 ) 

M(*. ,in Qo+p'cos 0 o )4+MX(j,'cos 0 O — r 0 ) 

= Rsin0—WsinX ... ••• (2) 


+ Tho purt of tho string from tho point of bifurcation to tho point whore it 
meets the ground is of courio nsiumed to be inoxtcnsiblo and weightless. 
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We have also for the motion of the centre of gravity 

M$(A+p tan 0)+MXQ> tan 0- r sin 0) 

= R—W sin tf — T cos 0. ... ... (3) 

If (3) be multiplied by h and subtracted from (1), we shall of course 
get (4) of § 2. 

If wo eliminate 4 an( l ^ from the above equations, we get 

i hp tan Qo+k'+h?, (p tan 0 — >■ sin 0)/i, W/t sin <£— R(/t — tj), 

| 

J»-fjptan0, p tan 0 — r sin 0, W sin 4 — T cos 0 — R, =0. 

h sin 0+p'cos 0, p cos 0—r, W sin X —R sin 0, 

This determinant which vanishes in equilibrium owing to the vanish¬ 
ing of the constituents of the third column, vanishes throughout the 
small motions which are impressed. To simplify it, we replace the first 
row, by (first row)—A. (second row) and since p =p sec J 0 the factor 
(/>' cos 0—r) divides out and the determinant reduces to 

I V 0 vjR-/tT cos 0 

h.-\-p tan 0 sin 0 W sin <£+T cos 0 — R =0, 

h sin 0-f/cos 0 1 W sin X —R sin 0 

or 

T(i l -f/t*cos*0) = R (k*+ rfi) cos 0 — Wfc* (sin 4 sec 0—tan 0 sin X). 

This equation gives the tension in terms of the air resistance during 
motion. It will be noticed that it is (as it should be) independent of 
the length of the string .X 

To diBcuss email oscillations we take (1) and (2) and put 

h = h 0 —p'(£+&) from §6. 

*=^ 0 +e 

r i =a+c4Xa)Sa+ c +}<£)e i 

X=X 0 +S 

R = R o 5R = R o +i;R v 4-«»R w +0, R, 
0=0o+80=0o+e+6‘ 

t It wa» for thia relation that I nsanmed in my ptovioua pnpi-r that T cos 0 
or S* ia a function of tho same variablea au R. Any how thia relation ahowa that 
the obango dT in T owing to a change dR in R ia of tho 0r«t order. 
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The component velocities of JS' are v ami a+hQ x , they are also 
r and r\ ; hence 

i’ = — (rX cos 0-f /sin 0) 

• • 

u - = r\ sin 0 — / cos 0 — h a £. 

If these values be substituted in (3) of § 2, it will reduce to (1). 
Thus we have 

c _(<f+^0,) cos a — v sin a 

y~ 


_ (/ sin 0-f a— /sin 0 cos 0 j- a )§ -f q (y — /t^cosa — / sin 0 cos 0-fa), 


V 


$R, = rX (R w sin 0 — K v cos 0)—c09 0-f R v sin 0; 

-f € |(Ri—R u .)—/sin 0(R v sin0 + R ul co3 0) j.. 

Hence, substituting, we have the equations of small oscillations 

ALA 

(i) M(A„p tan 0 o -f A*+A* o )0 + — (j> tan0—r sin0).r5 

= >'& £V J o — °) -^(R„. sin 0 — R v cos 0)—0-f R w cos 0)^. 

cR„4'(a) r sin 0-f a— //sin 0 cos'-i-f a~] 

V 1 t J 

+ G ^(A„—a) -^(Ri—A 0 R tl ,)— /sin 0(R v cos 0-f R w sin 0) ^ 


_cR«+'(a) r , -T 

-Y— S (y —A)cos a —jj sin 0 cos 0 -f a > — 


^U(l>i 
V J 

+ e[-i/R 0 -W(A cos i— /sin 4) j -f rS s * n 4“Ro)J i 

(ii) M(/t sin 0 -f /cos 0)9 -f M l — S ® — r . r 5 

G f sin 0 |(R u ,sin 0-R v cos 0 )_^-^(R« ) cos 0-f R v sin 0)J J. 

+9 [sin 0 { (R,—7iR u .)—/sin ©(R^sin 0-f R^cos 0) } ] 

, r I, n I c R o «OS0— W cos X 
-f 9.R 0 cos 0+f5. ——-- 

T 

To solve this system we assumo as usual 9, r$ proportional to 
and tho deterniinnntal equation in \ will bo of tho typo 

A.\*+B\ + C, A'X’+B'X + C' 


aX J +6X+c a'X J +6'X+o' 


= 0; 
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expanding, we have a biquadratic 

aA 4 +6,\ , +c 1 \ , 4- # 7 1 \-(-e 1= o. 

The actual values of the co-efficients can be written down if desired 
but the calculation is somewhat laborious ; we have however 

“i = ^-(r“P'cos 0)(&’ + ; t » CO s 0), 

^i = (R v cos 0 — R u .sin0)[W sin 0Q)’cos a—/* sin a) — 

cR1 It ( ,cos0(/ lo -a)] 

Y^-4 , ( a ) c os 0 sin f0-f a)-f-terms in I, 

e = VJ^na (ffcosX . RsCOS0)+ W i V9 (R„_ w sin 4) 


The roota of this biquadratic give tho position of the hito in space 
at the end of any fame, when small variations arc made in the value 
of the co-ordinates. If the conditions of stability riven nvo 

safasfied, then the “positional oscillations” will gradually die o“7 
It follows, therefore, that in both cases the fundamental ^nation in 
X IS a biquadratic, one root of the former vanishes when tho ft t 

t:T: !Vn r eia neg,0C,C ‘ 1 - " n ' 1 ‘ mcr °°‘ of’the latter vanishes 

when the string becomes infinitely long. 

10. Interpretation of the Conditions of Stability Sin™ „ • 
ally positive the conditions of stability reqube’ that a,1 he'Th 
coefficients as well as the discriminant H, where h h ® r 

H = b cd—a (P-eb* 

should be positive. 

If b be equal to zero, i.c. if the string be tied to nfi™i -a 
the axis of symmetry which coincides with the centre of gJvTy or 
if the perpendicular from the point of bifurcation to the axis’of 
symmetry passes through the centre of gravity, then since a =0TU 
all the coefficients except the first two vanish, showing that in L ' 
oase the stability is dependent on the shift of the centre oi pressure 

If 6 be not zero then wo have 


T W* 

c -—. b cos 9 (tan 0-f tan /}) 


Now if 0 is positive or numerically less than /?, then tan 0+tan /?> 0 
since 0, ff are each<-^ and 0+^ < - yT . 
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It follows that c will be positive if b be positive, i.e., if the perpend!- 
c n iar from the point of bifurcation intersocts the axis of symmetry at 
a point above the centre of gravity. This condition can bo secured by 

making H C<H D. 


1 


We have next 

d = — T cos^0 (tan 0 + tan /?) Ru>+® Ro R cJ • 

Since a B o = /i 0 T cos 0 cos 0 6 (1-tan*/? tan 0), 

d=^6co.s0^R«,tnn0+7?+Rv] (l-tan/? 

again since ^*^"2" 


tan 



we have 1 tan P tan 0>O, since /? + 0<-^. 

Hence <i>0, if [R M . tan0 + £ + R v ] the samc si b' n ™ h ' U - P 03it,ve > 

».e., if R» |\an 0+/? + j^J 


But by § 3, we have 

R,. _ 2v„f ( a )— f '( a )-«c 0 
R u . 2tr„/( a )+ V vf ( a ) 

Now suppose the angle of attack to be so small that the component 
velocity of air normal to the plane of the kito is negligible; in t is 

case we have 

K = 2/(°0 

R«. fi«) ’ 

and if wo also pnt /(a) = sin a, 

then tan 0+/?+2 tan a>0. 

The limiting relation at which stability ceases is given by 

tan 0+7?+ 2 tan a=0. 

So that in the case of an infinitely long string with forked attachment 
the critical inclination depends on /?. 


Proceeding now to the oaso where tho shift of centre of pressure 
i« takon into account, wo find that e will be positive if c is P ofl ' tlV ® “,» 
if tho centre of pressure moves forward as the anglo 0 a 
diminishes. This is the case in actual practice. 


In tho case of a finite string we find tho conditions of longi- 
tudinal stability far mora complicated, and approxi mattonaa re 
accessary. If wo assome tho ctricg to bo very long (not necos.anly 
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infinite) so that the terms containing 1 are negligible compared with 
other terms, we find 

dj = (Ru, sin 0 —R v cos 0)[sin 0 { W/i 0 cos 4> 0 —Wp' sin 4> a +p' R 0 } 

. „ ... +R 0 cos 0 (h— o)l 

ana on using the equilibrium conditions 

R 0 -W sin <p o = T cos 0, (h 0 —a) R 0 = W7t sin * 0 , 
the above is ultimately reduced to 

J i = (R w sin 0—R v cos 0)(>T tan 0 + W7, cos (T^aj 

= (Ru, sin 0—R v cos 0)[W7* O cos 0 — a-f pT- -—- tan a]. 

Since 

T sin 0=W cos f \ 

T cos 0= “ .W sin * C - ••• (1) 

K—a ) 


are conditions of equilibrium; remembering that 0=\-a, we hare 

tan *==> £ , 

or, for stability, the inclination of the string to the vertical mnst bo 
greater than tan-jk, or tan- (2 tan «) if the angle of attack is small. 

Bnt in tb. case of piano kites with forked attachment as used 
above, eqnbbriam w,th a small angle of attack is not always possible ; 

length HC “ nglC ° f “““ Ck C “ haVe ‘ i ° pe,1 ' ls on thG 


and 


Now in every position of equilibrium, we have 

6>/*>u 

tan 0 = ——? tan a from (1), 


so that the condition tan 0-2 tan a>0 becomes /,„>3a. 

Hence the smallest value which the angle of attack can have is that 
m which the centre of pressnre just coincides with the foot of the per¬ 
pendicular from H to the axis of symmetry. P 


In any caso we may conclude that with a 
Btabxlity may exist |so long as the inclination of the 

is greater than (a-f tan -1 ^ * 

17 


long string positional 
string to the vertical 
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For an interesting graphical discussion of this condition we refer 
the reader to Stability in Aviation, pp. 183,184. 


6. General Expressions for the Resistance Derivatives. It follows 
that the nature of the roots of the above biquadratic depends on the 
value of certain constants called resistance derivatives. The value of 
the coefficients depends entirely on the particular law of resistance 
assumed, but a general expression for these can be obtained without any 
such assumption. 


Let n 0 , v„ io 0 ,...l„, m ot n,„ be the initial values of the velocity com¬ 
ponents and the direction of motion of air particles referred to any 
axeB. Let x, y, z be the co-ordinates of an element ds of any surface, 
and let us assume 


11,,—/(i'll! ^'...Im 

and when additional velocity components are impressed we have 
R 0 +5R=/(ii 0 +$m . l o +' 0 l, 

=f(M 0 ...J 0 ...) +9^0+3^" 9 u 'o+ ••• 


du, 


Let V^u'o+V+tro* 

and U* = (Vf 0 + u + =0,-2/0,)*+(V*» 0 +*+ ... )*+ ( V» 0 -f w + j/0,.. .)* 

so that U=Y-ffo(«+s0»— ...)+*"o(»+-)+ w o(»f+y9i-..0 


approximately 


also 




u 

, <• Ym o -f-w+»0»—£0, 

w=W o +0ffls-2-1—L—!- 1 

_ . c_Yn 0 +tc-f i/0,—X0 9 

»= n o+O n -jj- > 

60 _ 

gj j _( 7n o*'t' n o , )( n —y0*+*0i)— l o m o(.v+ •••) t o n o ( t 0 -f » .) 

__(*••+»•)(»+*&—*0»)“.-m 0 » 0 (u>+...) 

=m— Tti 0 -—-y- 

C Oo*+n‘o*)(«*’+y01— •••)—‘»»o»o(0+— )“?o»o(»+—) 

on=n— n 0 = -— -y- 

wo have also 5u=u+t0 a —J0 3 , 6t>=v+a0 3 -z0i $i c=w+y0j—®0». 
Substituting those values and arranging, we have 
SR=uR u + vR^+ tcR w +0»Ri+0iH*+0»R* 


f~ / i/7 wl o* + n o* /_, lo m o f n Wl 

=« —y- J n «y J 
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4-r! fr — fl l o ln oi f 1«i 3 + Mo* I 7 " 
+ 1 I ;' o /' 0 - y - + /»«„——_ -f» 0 - 


»'»o»o 


v '"°~v J 


+ to [/*«> +/*.„££•-;;7 0 ^-/,n 0 ^ j 
+0, [yf*0—iv 0 +fl 0 

+0, [ .- K -*/«„+A, ( "^+^ ; + OvA 

+0. [*K - vK-fl. y + 1 ^-°* ) 

where stand for j£,...J£. 

Ou Q 0l o 


The values of R (l , R t „ R u , can now be obtained by multiplying the 
coefficients of u, v, ... by an element ds of a plane and integrating over 
the whole plane If however the breadth of a plane be email compared 
with the distance from the origin, then the resultant velocity of every 
element ds may be assumed to be the same, in which case the above 
expressions will slightly simplify. 


For plane kites with axes chosen as above, the terms containing z 
will vanish ; the terms containing x tit'll also disappear if the y-uxis is an 
axis of symmetry. Further we have 

l„, l, m,=■ 0, «i„ = sin a, ?j„=cos a, »/ = l ; 
when these values are substituted we find that the coefficients of «, 0„ 
0a vanish. 

In any other case the value of these coefficients can be simplified 
by a proper choice of axes and the law of resistance. For instance, if 
we assume that the thrust on an element of a plane is given by 

dR=KV J . Bin a. ds, 

we have 

f(. u ot v oi*”Ioi **<»•••) —ds (u , o4’ tr o*l’ t 0 , o)(!lo+ttH'n o +m> <) ) ; 

if we also assume the air to blow along tho axis of x with a velocity U 
then wo may put after differentiation 

u 0 =U ; v m w„, m, 0 » 0 =0; i 0 =l j 
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we thus find /« 0 = 2KUMs,^= KUM»^2=KUn.*, etc., 

and R„=2j K/Urfs, R v = jKmU* Ru. = J KnUds 
R, = jKU(ny— mzds), etc. 

t.c., they reduce to the forms used by Prof. Bryan in Stability in 
Aviation , p. 124. 

In the above case we have assumed that the thrust on an element 
depends on the velocity of that element only, and is independent of the 
motion of other elements snrrounding it. Again a current of air imping¬ 
ing on a rotating lamina cannot be expected to behave in the same way 
as if the motion of the lamina were of uniform translation. Owing to 
the difference of velocities between the different parts of the lamina, 
tho total thrust cannot be expected to be the same, and a consideration 
of these facts led Prof. Byran to assume that the thrust on the lamina 
is a function, not only of the linear velocities and tho directions of 
motion, but also of the angular velocities. If we introduce 0»/V, 0*/V, 
0,/V in the above functional form for R, the effect will be to introduce 

additional terms ih, in the coefficients of 0i, 0* 0»- They are 

termed “ rotary derivatives ” by Prof. Byrnu.|| 


For plane kites lot ns assume 

R = KSV»/(a); 

wc assume that for motion in the y—z plane, / (a) is a function not only 

0 

of a but also of —, 


With this assumption wo may immediately deduce the expressions 
for R t „ R w , R, from tho above on putting 

/0 <0 ...l 0 ...n 0 )=Kd5K*+o 0 Htr 0 ‘)/(^-co^(U 0 +mm 0 +n^) 

whoro, after differentiation, wo may put 

n,„ l 0 = 0; t’ 0 =V sin a, tr„=V cos a 

ni„=sin a, » 0 =cos a ; 

also s=0, and if the y —nxis is an axis of symmotry then we may 
pot *=0. 

[In a recent issue of the Bulletin of tho Calcutta Mathematical 
Society (vol. v) there is a note by Mr. B. N. Ran, questioning the 


11 See StriiWtv in Iviatton I! S4-S9. 
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validity of certain assumptions made in my first paper on this subject 
For instance one of the equations was 

Mu = W Q+S x 

where S x -S x (u, 0 a , 0,). 

Wo need not discuss any further why those particular variables, u, 0, 0 
were taken in the x —component of the tension. But Mr. Rau gives 
(what he considers to be) an example, to prove that if after the 
elimination of other unknown quantities, the tension is expressed as a 
function of the velocities, such a function is not necessarily expansible 
in a series whose terms diminish. His example is as follows: 

For small oscillation 

u = a sin U> t, where a is small; 
and if the equation of motion is 

Mk = S x , 

we got S*=MoU>^ 

and since u is of the same order as a the successive terms in the 

( ii*\ y 

1— 2 are not negligible. 



This is of course true, 
expression Mu ^1— 


But the fallacy lies in the fact, that the 
is deduced from a sin tatf, which cannot 


again represent u unless the successive terms in the expansion of the 
*' force function ” are negligible. This is a necessary condition for small 
oscillation. As an example we may tako tho approximate equation of 
the pendulum 

0-f a*0=O, where a 9 =^> 


which leads to 



and the right hand side cannot be expanded as stated above. But it in 
easy to show that it is the first term of the expansion of the integral 
of the exact equation 

G+o 1 sin 0=0. 


In this paper as well as in my previous papers, I have assumed 

R=R(®» w, 0i); 
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bat Mr. Ran maintains that the “ angle of attack ” should have been 
included among the variables on the right hand side. But he has 
probably overlooked the relation 

(tc+t/9,) cos a-w sin a 
0 a -- y 

which shows that the angle of attack is not an independent variable and 
therefore cannot occur explicitly in the function. (See § 8 of this 
paper ; and $§ 1G, 18, 2:1 and also the last four lines of p. 172 of Prof. 

Bryan's Memoir)]. 
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SHORT NOTES. 

The Roots of a Derivative of a Rational Function. 

1. Mr. L. R. Ford, M.A., contributes Note on the above 
subject to the Edinburgh Mathematical Society [Vol. XXXIII 1915 
Part 2, p. 103]. The theorem ‘that in the complex plane of the 
variable the smallest convex rectilinear polygon surrounding the roots 
of a polynomial surrounds also the roots of its first derivative ’ • with 
allied theorems and extensions follows from the properties of the 
Harmonic Centre given by me in this Journal [Vol. IV 1912 p pgi 
The extension of the above theorem to the more general case of a 
rational function with a pole, discussed by Mr. Ford in the above Note, is— 

“ ] ff( z ) '* a ‘■“L'onal function of z whose only pole is at the point a the 
smallest circular polygon surrounding the roots of f(:)—the sides of the 
polygon passing through a, and the polygon lying entirely without or entirely 
within each of its hounding circles—surrounds also the roots of f ' ( :) , lcith 
the possible exceptions of two roots at infinity." 

The method of transformation employed by Mr. Ford virtually 
amounts to saying that, if z? = l=aa\ then 3 



which according to Vector Algebra signifies that 



i-=Op 9 { =2_(1) 

_ _AP * lOp' dp') - - (L) 

* Osgood : Lehrbuch dtr Fnnktionen thoorie, Vol. I, 1012, p 211- 
Hayaahi, in the Annalt of Mathematics, Vol. 15, 1914, p 112 * 

Irwin, in the Annals of Mathematic#, Vol. 16, 1916, p. 188. 
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where the points p t a are inverses of P, A with respect to the unit circle 
and the accented letters denote the reflections of the corresponding un¬ 
accented letters in the initial line. 


Hence, we deduce the general result 

for values of r form 1 to n. 

Now, let 4 {:)=f{z)lz n =(z-a l ){:-* i )...(s-d u )!i"=V (s') 5 
so that /(e) = F(r').c". Then sicce <Kz)=F(:'), 


( 2 ) 


*'(.)=F(.') .^ = F(0-(--'•) 


• • • 


• •• 


(3) 


= 2Xrp)”0F 


... (4) 


In other words, the roots of <t'(c) ninat satisfy the condition that 
the resultant of forces inversely proportional to A f P is n times the inverse 
of OP. 

Further, the roots of correspond to those of F'(c) by (3), and 
the latter lie within the rectilinear polygon detcrfnined by the pblyno- 
mial Ft s'). Also, the inverse relation of z and s' shows that the equiva¬ 
lent polygonal bonndry for z most be formed by arcs of circles passing 
througli the origin. Hence, the result stated by Mr. Ford. 

2. More genorally, putting 

so that the polo of <t(z) is a and its roots are the same as those of 
/(c), we 6nd 

»'(*) -/(«)_ *> 

♦ (*) f(z) c-a 

where A is the pole. 

Hence, in this caso, the roots of the derivative <P ( Z ) niust satisfy 
the relation 


2(b)-S' 


that is the resultant of forces inversely proportional to {AfP) must be m 
timet the inverse of AP. 


M. T. NiBjittrfffA*. 
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Geometrical representation of a Definite Integral 


A definite integral is usually represented as an area in Text-books 
on the Calcnlas. It may, however, with equal facility, be expressed as 
an arc as the following method show's : 


Consider the integral 

,/? 

l = mw ... 

J a 

in relation to the curve r=/(0), which is the locus of P. 


... (1) 





P* 


V 




Suppose the first negative pedal is the locus of Q. Then approxi¬ 
mately 

’•50=PQ + QQ'-FQ'=$ S '_ 5 ,'. (2) 

denoting PQ by f' and QQ' by 8 s'. 

Integrating (2), we have 

| rd9=[s'-q 

between proper limits. 

In other words, the integral I is represented by an arc of the first 
negative pedal of r=/(0), and its bounding tangents. 

Car. If the curve r=/(0) is a closed curve C, the contour integral 

/ rdQ=C’ 

C 

where O' is the whole aro of the first negative pedal of C. 

M. T. Nabakiemgab. 
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Note on Question 737 . 

The importance of the result depends on the extension made which 
itself presents no difficulty; the definition of the set B fc is in noway 
dependent on the characters of C, and the quotient A fc /2fr can be found 
for any function that is not negative, for any set of points C, and for 
any positive value of k. If then A*/2 k tends to a definite limit, this 
limit may be used to define the linear interval of the function / for the 
set of points C, and the linear integral of a function g which is some¬ 
times positive and sometimes negative may be defined as Q—R, where 
Q is the linear integral of the function which is equal to g when g is 
positive and is elsewhere zero, and 11 is the linear integral of the func¬ 
tion which is equal to —g when g is negative and is elsewhere zero. The 
convergence of A*/2A in general deserves investigation, and sinco the 
method may obviously be extended to the definition of line integrals and 
of surface integrals in space, a research is suggested which may be 
difficult. It is to be noticed that the regions and numbers obtained 
depend only on the form of the set found by completing C (adding to C 
all of its limiting points which it does not include), and that therefore 
the definitions may be valuable only in the case of complete sets. 

9 

The theorem given affords a simple exerciso in the kinematical 
treatment of differential geometry. As a current point O describes a 
curve C, the circle with centre O and radius kj describes a band of 
variable width, and the edges of this band are traced by two points Q, 11 
in which the circle touches the boundaries. In the circumstances des¬ 
cribed, if k is sufficiently small the region B* consists of the regions 
swept by the two lines OQ, OR ns O describes the curve, together with 
sectors corresponding to the end-points if the curve is not closed. 

At the current point O, let OT be the tangent, OE the normal 
making a positive right anglo with OT, and k the curvature ; let the 
current circle meet its envelope in a point P such that the angle EOP 
is 0 ; then the co-ordinates of P with respect to OT and OE are 
—kj sin|0, kj cos 0, and therefore the velocity of P with respect to the 
arc of C has components 

1 —kf sin O-kj (*+0') cos 0, kj cos Q-kj (*+0') sin 0. 

But because the circlo touches its envelope, the volocity of P is at right 
angles to OP, and therefore 

’sin 0= kf, 

and tho velooity has components 

{ cos Q—kj (* + 0') } cos 0, { cos 0— kf (k+ 0) } sin 0 » 
thus if a is the angle between—iiT and whose sine is kf , we may 
take 0 as a for Q and as -n— a for R. 
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We note in passing that if kf is numerically greater than unity, the 
circles have no envelope ; indeed, the circle with centre O then contains 
the neighbouring circles with centres on one side of O and is contained 
in the neighbouring circles with centres on the other side of O. The 
case in which kf is numerically equal to unity is interesting as being the 
case of circles of curvature of a plane curve ; as de la Vall6e Poussin 
pointed out although these circles have the curve from which they are 
derived for a genuine envelope it is entirely false to say that consecutive 
circles of curvature cut. on this envelope. This is a digression, for in 
the problem with which we are dealing these difficulties are left behind 
when k has become sufficiently small. 


If two points F, G are moving with respect to a parameter t, and 
»f for every value of t their velocities u, v normal to the line through 
them arc positive in the same direction, then if the chord FG is of 
length l, the rate with respect to t at which this chord sweeps out area 
is \ f(u + y); this result may be applied in two ways to the present 
problem. Since Q is moving at right angles to OQ at the rate 

cos a— kf (k + a'), 

which is positive if k is sufficiently small (a depends on k , but both 
a and a' tend to zero with k), and the velocity of 0 inthe same direc¬ 
tion is cos a, the area swept by OQ is 

if kf {2 cos a— kf(K + a') ; 

similarly the area swept by OR is 

if kf {2 cos a+kf (a. — a') } ds, 

and if the curve is closed the total area A* is 

/ kf (2 cos a—kfa') ds. 

If the curve has a beginning and an end, the total area is the sum of 
this integral and of the area k l f (^rr-a) of a sector at the beginning 
and of the area k'f' (l-rr + a) of a sector at the end—the values of f and 
a being of course those which correspond to these points. Alternatively 
with respect to the arc of C tho velocities of Q and R at right angles 
to QR are 


{cos a a') } cos a, { cos a +kf (*-a') } CO s a, 

which are positive if k is sufficiently small, andisince the length of QR 
is 2 kf cos a the value of A* is 


j2kf (cos a—lc fa’) cos’a ds-, 
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if C is closed and is the sum of this integral and the areas of segments 
corresponding to the end-points if C is a carve from one point to a dis¬ 
tinct point. The two integrals obtained differ by 



but from the relation of a to / this integral is 

¥ J { <*(*7* sin 2a)/* ) *, 

which is immediately seen lo vanish if C is closed and to represent the 
difference between the sectors and the segments at the end-points in the 
more general case. It is interesting to remark that for all sufficiently 
small values of k the value of A* is independent of the curvature of the 
curve the form of the curve affects only the limit below which k must 
lie for the result to bo true. 


Eric H. Neville. 



The Face of the Sky for September and October 1916. 

The Sun 

enters Lebra on September 23 at 3 p. m. and Scorpio on October 23 at 
11 P. M.. 


Phases of the Moon. 

September. October. 



D. 

u. 

M. 

D. 

H. 

M. 

First Quarter 

... 5 

9 

57 A. M. 

4 

4 

31 P. M. 

Full Moon 

... 12 

2 

1 A. M. 

11 

12 

31 A. M. 

Last Quarter 

... 19 

11 

5 A. M. 

19 

6 

39 A. M. 

New Moon 

... 27 

1 

4 P. M. 

27 

2 

7 am. 


The Planets. 

Mercury attains its greatest elongation (26° 54' E) on September 9, 
is stationary on September 23, is in inferior conjunction on October 5, is 
stationary on October 14 and attains its greatest elongation (18° 17' W) 
on October 21. It is in conjunction with the Moon September 28 and 
on October 25. 


Venus attains its greatest elongation (46° 1' W) on September 12. 
It is in conjunction with the Moon on September 23 and on October 23, 
with Saturn on September 5, with Neptune on September 13 and with p 
Leairs on October 12. 


Mars is in conjunction with the Moon on September 2 and Septem¬ 
ber 30 and on October 29. 

Jupiter is in opposition to the Sun on October 24. It is in conjunc¬ 
tion with the Moon on September 15 and on October 12. 

Saturn is in conjunction with the Moon on September 22 at 4-45 a.m. 
and on October 19. 

Uranus is stationary on October 26. It is in conjunction with the 
Moon on September 9 at 10-30 p. m. and on October 7. 

Neptune is in quadrature to the Sun on October 28 and is in con¬ 
junction with the Moon on September 22 and on October 20 at 2-16 a.m. 


V. Ramesam. 
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SOLUTIONS. 

Question 495 

(A. C. L. Wilkinson): —Prove that 

1 , cos c, cos b, cos ( b —e) 


cos c, 1 , cos a, cos (c — a) 
cos b, cos a, 1 , cos (a— 6 ) 



cos (b—c), cos (e —a), cos (a — b), 1 

where fl" = sin (s — a) sin (s—b) sin (s — c). 

Solution by N. Sankara Aiyar, M.A. 

Let l, »h, »i <lcnote cos (« — <?), cos (s — b), cos (s—c) and p, q, r 
sin (« — a), sin (s — b), sin (s — c), so that l* = l—p l , »»i* = l — 9 *, n , = l — r*; 
and cos a = cos (s— b + s — c) = wm — qr, 

COS (6 —c)=cos (s — c — s+fe) = mn + qr. 

The given determinant 

= 1 — Icos’a — Ecos 5 (6 —c)-f 2£cos a cos (a — b) cos (c —a) 

4 - Icos J acos’(6 — c) + 2 cos a cos b cos c 

— 2lcos a cos b cos(e—a) cos (b — c) 

= 1 — L(lm —pqY — £(L>i +- 21(7 m—pq)(mv -f qr)(ln +j;r) 

4-I(7’m , -f«V) , +2II(7i»-P9)—: 2 E(Pm»— />y)(mW—g 1 **) 

-2!(l'm'-p'q')(m'n 1 -q , r') + 8(l , m i n'-p'q'r') 

= 1-21(1-^’-^+W ) + E( 1 -p'-q'y- 

2'L(l-p'-q')(l-q'-r')+8(l-Zp> + Zp' q '-2p'q'r>) 

= 1-64- 4 - 4li>Y4- 3 - 4£p*+£(?’+ 9 *)* - 6 

4 - 8 —21 (p* 4- 9 ’) ( 9 s 4- r 7 ) 4- 8 — 8 lp* 4- SEp Y “ 16p'q'r * 

= E( i >*^-9Y-2E( P 7 -^- 7 ’)(9 5 +r , )+4E i -Y-lW 7, 

= 2 £j/ 4 - 21 > Y - 2 Ep' - 6 Ej>Y 4 - 4IjY - 16/>Y r * 

= — 16 pY r * 

= - 16 «r ! . 


Question 668. 

(J. C. Swam 1 nab atas, M.A.) :— If r and »i are integers, prove that tho 
expression 

, 2»4-1 _ r , (2n4*l)(2»»4*3) p _(2»4-1) (2*4-3) (2*4-5) 

1 —T“ rLl+ -O- 1 17375- 


is equal to 


(-l) r (2» + l)(2*4-3)...(2*+2»-l) rr 
1-3-5...(2r-l) 

(—2) r .»P r 


aB long as r is not greater than n, but vanishes if r>n. 
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Solution by K. R. R<ima Aiyar. 

We have 

(1+*)” (b + ») =l-(2»»+l)x (2» + l)(2u + 3)x s 

2 2 4 •” 

_\»(2 M + l)(2n+3.(2n-f2/-— 1) r 

+^ ) 2 4 6 “~Tr - x + • • • • 

and 

( 1 4 *)"*•-1 + <*=!>,+<*= iK *. 

2 24 

J .(2r-l)(2r-3).31 _ r , 

+ 24 ^ 7.727 -* + - 

Multiplying the two series we find the coefficient of x r in the expan¬ 
sion of (l+z) r- ” -1 is equal to 

(2r-l)(2r—3)...3 l_2,i + l (2r—l)(2r—3)...3 
2-4*6.2r 2 * 246...2r-2 + . 

j. xf _/(2n+l)(2»+3)...(2a+2r-l) 

. ' 246.... .727 • 

_(2r—l)(2r —3)...3 - l ( 

(2,.+l)(2n+3). V»+ 2r-n 

+ ’ 13.(2r— 1) 2'4...2r. £r ^ r 

_(2r—l)(2r—3). A ( , _2« + l /fi (2»_+l)(2n + 3) rr 

2 r . r ! ( 1 1 S 

j. (2n + l)(2n+3).(2»-f2t —1) n ) 

+,,,+( } -m:.....(2^i)-- rC 'j 

_ 13 5..y..(2r —1). w jj ere g d eno t es the series given. 

A •/ • 

But we know that the coefficient of z r . in the expansion of 

(l+z) r - n -' is 

t_\t (n—r+l)(n—r-f 2)...n 

1 ; - 7\ 

if r<n, and zero if r>n. 

Hence the result stated. 
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Question 669 . 

(J. C. SwAMlNABAYAN, M. A.) :—Provo that when n is a positive 
integer, 

(6 a -«T+ (2» + l) ^(b'-a') n -'a- 


+ 


(■2„ + l)(2n+: i )(2n)(2n-2) ,„^ )n _,„ i 

4! 


=b vl + ^-V"-V+(; 2,, ) , .(2;». 2)_*fcv«-« a 4 + _ 

Solution by R. V. Karve awl K. R. Rama Aiyar. 

The eoeff. of b v '~ v a v on the left side 


=(-l) r [,.C,-(2»+l)?%-.CV, 

• 

+(2»+l)(2»+3) 2 ^p?).„.,C 
=(-1 ) r nC,[l-(2»+l)|i.’irL ! - rC , 

• fl • 

+ (2»+l)(2n + 3) 2 "( 2 "- 2 > .rC,.^—j 

i • Tl • 

= ( —l) r ..C r [l —rC, + ^±^^^^ r C,— ... J 

= 2 r .„C r .„P r = 2*(„p r ) «_ 

l*3*5...(2r—1) 2’.r\. 1.3.5...(2r-l) 

_(2r»)’(2>» —2) 1 ...(2 m— 2r+2)» 

(2>)'! 

Hence tho resnlt. 


n—2 ! 


r—i 


-•] 


-•] 


Question 670 . 

(K. J. SaNJANA, M. A.) :— Provo that 

i—i+i-i+ 

II _ 3 ’ 5 ‘ 7 ‘ _, 1 _,B, 7 ,B„ 3, ,B. 

!_1 + 1_1 + - 1+ 3l’ , T + 5l ,, 3 ; - + 7!’ , 2i + ' 

3 + 5 7 

wliero B,, B 4 ...are tho numbers of Bernoulli. 

Solution by (1) K. D. Madhava and (2) K. R. Rama Aiyar. 
(1) Wo have 

00800 , = I+ 2 i|zl>B lS +?l^=iW+... 


+ 2 i 2 !^!ri>B„ jS '“-'+...(Hob 80 o, p. 340) 

tin) ! 
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J* coaeo c d:=z J 


Ml 


*• I z coaee z dz = 
o 


+ wiF B - jw +- 1 

=— times tho expression on the right hand side 

and since *9 know that the denominator on tho left hand side is equal 
to > the problem redncea to showing 

r*' 7T ^ /*■ 

I 2 cosec z dz=2 ) • 

J o 4 (2m + 1 >* 

,] hl< ia a theorem established in Bromwich, p. 289, by applying 

Borel’s rnle for uniform snmmability of non-convergent and asymptotic 
senes. r 

In fact it is easily with the definition of the term ‘ uniform snmma- 
bility that 

sin r-fsin 3;+sin 5£+.., = *. cosec z 

is uniformly snmmable in an intorval A ZLJ ; where 0 <g<ZL 

\ 2 2 


tItT 




and that J z cosec s dz= 2 [“ S * sin ( 2 » + l)s dz. 
5 ■'S o 

X* ^ 


- 2 S J 2 z sin ( 2 h+ 1 )c dz. 




Bat [ ssin f2n- 4 - 1 ) g>/.r = S_ cos (2n+1 )§ sin ( 2 n 4 -lU (-)" 

5 2n+l (2»+l)* + (2^+Ij*‘ 

AgMn S C '^^.T^ = a lo b' (cot a 50 o<5<tt. 

Also Bince | (a quantity independent of g) 

m 1 


X 

2 


X9 


sin (2n+l)5 


(2n+l)« 


<- _ 1 _ _ ^ ti* 

2j (2n + l)* ~ 8 — 1>23 » 
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00 

the seriesy 3ID is aniformly convergent by Weierstrars’s 

ZJ ( 2 » + l) f 

M—Test. 


Again 


c n 


lim\h fS cos (2» +1)5 _sin (2n + l)S'J _ n 

2j L 2n + l (2n 4- 1)* J 


5~>° 


( 2 n -+-1 )* 


2*» + l 

11 co n 

Hence j 2 z cosec sd z = 2 ^ 

Hence the result as stated. 

j t 

(2) Left hand member=-^-J £ x —~ ... j- **•' 


-tf 

7T J 


O 

1 






*-± p-spi* 

7T J *Vl— X* 

O 

[J.I.M.S , Vol. VII, p. 140] 


The rest as before. 



Question 673 . 

(S. Kristin as wa m Aiyf.nc.ar) :—If the sides of a polygon of n sides 
subtend equal angles at a point S, then with S as focus two conics can 
bo described, one circumscribing the polygon and the other inscribed in 
it. Show that the envelope of ,polars with respect to the inscribed 
conic of points on the circumconic is a conic having one focus and one 
directrix coincident with those of the original conics. 

Solution by K. R. Rama Aiyar. 

Wo know that a circle can be cironmscribed about and another 
inscribed in a regular polygon of n sides ; these two circles are concen¬ 
tric and the locus of the poles with respect to the oircum-cirole of tan¬ 
gents to the inoirolo is another concentic circle. Now reciprocate with 
respect to a circle with S as centre. Then the polygon reciprocates into 
another polygon of n sides each of which subtends the same angle at S. 
Also the cironm-circlo and tho incircle reciprooate into the inscribed 
conio and the cironmoonio, both having S for one of their foci and having 
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a common directrix, since the circles are concentric ; and the envelope 
of polnrs with respect to the inscribed conic of points on the circum- 
conic is a conic having S for one of its foci and one directrix the same 
• as that of the two other conics. 


Question 678. 

(D. Krishna Mubti) :—Show that the centroids of parallelograms 
inscribed in a skew quadrilateral, so as to have their sides parallel to 
the diagonals of the quadrilateral, all lie in a straight line which is also 
the locus of the centres of the conicoids having the sides of the quadri¬ 
lateral for generators. 


Solution (1) by K. B. Madhava, (2) by A. Narasinga Rao. 

(1) By taking the lines joining the mid-points of the sides and of 
the diagonals as axes, we can obtain the oquution to any conicoid as the 
one passing through the planes ABC and ADC and through ADB and 
BCD and thus obtain the general equation in the form 



where X is a variable parameter and by the usual methods available 
for the purpose the equation to the locus of the centres can be got to be 
the z-axis. The above form is easily written down by obtaining the 
equations of the planes from the intercepts they make on the axes. 



(2) Lot ABCD bo the skew quadrilateral and PQRS an inscribed 
parallelogram. 

Consider the centroids of 4 unit masses placed at P, Q, Rand S. It 
'is obviously the centroid of PQRS. 
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The mass at P can be replaced by two masses respectively 

at A and B. Replacing Q, R, S, in the same manner, we have four 
masses, at A.B, C,D of magnitudes 

✓BP, DS\ /AP CQ\ /BQ DC\ /CR AS\ 

\AB"^ AD / ’ \AB"^BC/ ’ \BC~CD/ * \ CD - ^ AD ) 

o BP 0 AP 2 BQ 2 CR 

“AB* “AB’ BC’ CD 

J.f. \, p., x, p., since the sides of the parallelogram are parallel to the 

diagonals. 

Since the masses at A and C are equal as also those at B and D, we 
may replace the whole system by masses (2\, 2p.) at the mid-points, 
0„ 0 9 of AC and BD. 

Hence the centroid of parallelogram lies on the line O, O a . 

Now let 0 be the centre of a conicoid passing through the quadri¬ 
lateral. The tangent planes at A and C meet in BD of which the mid¬ 
point is 0*. Therefore 00, meets AC. 

Similarly OO, meets I3D. Hence O lies on the lino 0,0*. 

S.B.— The condition that the sides of the parallelogram should be 
parallel to the diagonals is unnecessary. 

For, it is readily seen that if a parallelogram is inscribed in a 
quadrilateral the sides must be parallel to the diagonals, unless tho 
quadrilateral is plane. 

Question 688. 

(Ganiatram R. Jasi) s r being the sum of tho r th powers of tho 
first n natural numbers, prove that 

S M , = (r+l)J" S r dn+qn. 

When r is even, q— 0; when r is odd, q may be found by giving 
numerical values to n. 

Solution (1) by K. D. Madhata and K. B- Bama Iyer , 

(2) by B. Srinivatun, Al.A. and S. V. Venkatarayasastri , Afji., L.T. 

(I) Denoting by (*), the Bernoullian polynomial of degree 

/" e xt — 1 

n , viz ; tho coefficient of — in the expansion of t --j—, wo easily abtaia, 
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r. 


4>n (*-f 1)—<t„(*) — coefficient of —r in -r—- [V , +*> < -_c* < ] 

n ! e — 1 


= coefficient in te xl 


= u 


Patting **1, 2,...in succession 


1 


l+2"- , +3 ,, - , + ...2"- 1 =JL 4„<*+» 

n 


& well-known result. 

Differentiating w. r. t. x, 

4 '„(x) = coefficient of -i- in 

n ! t- — 1 


» 


“ ‘ P£r+ra] ■ 


from which we have 


(0 ♦'*«(*)=2m^.i-i(*) when (m>l) 

and (ii) 4*' J|W+l (x):»(2m-f 1) { 4 , m (*)+(-) m -‘B m > (m>l). 

Thus 4>\ ( x ) = 241 ,( 2 )—1 and all the even <p' im (z) =2i/i4 (Jm _„(x). 

Hence combining the two cases and changing the notation and 
integrating 

S,+i = (r+l)| S fdn+qti. 

where q is zero when r is even, and when r is odd q is given by (ii). 

(2) We have 

C _ n +1 4 . 1 n » 1 t> r r-\ t) *’(/’ —l)fr— 2 )„r _3 

b r -_+ 8 n *—B,-- fn 

, „ r(r-l)(r-2)(r-3)(r-4)„,_. 

I -jjT“j-”•••» 

the last term containing n or n a according as r is even or odd. 

[Vide : Higher Algebra by Hall and Knight, § 406] 

(r+1) J n S^n=^ 2 +K +, +Bi T -jr 


, p (r+l)r(r-l)( r -2)(r-3) n ^ 

the last term containing n* or n* according as r is even or odd. 

Hence the integral is equal to S r+ „ if r is even; and equal to 
S, +1 ± a term containing n, if » is odd. 

Hence the result. 


• •• 



150 


Question 6 q.V 

(H. VfTHYNATH.vswAMY) If ABC. A'B'C' be triangles inscribed in 
the same circle, W h., L, the Intern recta of parabolas having A, B, C 
for foci and touching the sides of A'BC ; h b Lj, L, ; the latera recta of 
parabolas having A', B , C' for foci and touching the sides of ABC ; 
show that Ij 1 .Ij j .L, = L 1 ' L/.1j 3 . 


S'lhition by It. Srinivasan , \f. A■ awl K. It. liarna Atyar. 

The pedal line of any point P is the tangent at the vertex of the 
parabola inscribed in the triangle and having P for its focus. Hence 
the distance of P from its pedal line is \ of the latus rectum. If p be 
this distance and PD the perpendicular to BC, then 


p-j- = sine of the angle between the pedal lino an( l 

= sine of angle subtended at the O c< by arc AD. 

JL oc chord PA. 

PD 

p x PA. PD. 

Now PB. PCssPD x (diameter of circle ABC) 

p x PA. PB. PC. 

L, L, L 3 =ife. A'A. A'B. A'C. IVA. B'B. B.C. C'A. C'B. C'C 
The symmetry shows that 


Question 696. 

(S. Krisiisaswami Aiyaxcar) : —If p. be tho latera recta of the 
parabola and the rectangular hyperbola of closest contact with a curve 
at. any point, prove that 

2\p = ^ 


Additional solution by K. Appukuttan Erady , M.A. 

Since, tho parabola and tho retangular hyperbola have closest contact 

with tho enrvo at tho point in question, tho values of p, for those conics 

must be tho samo as those for tho gdvon curve.-/ 

The rotation between p and^ for the parabola may bo obtained as 

follows :— 

Referred to tho axis and tangent at tho vortex as axes of co-ordi¬ 
nates the equation to the parabola is t/ l =\a:. 
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• • 


• • 


dy _ \ . dy _ \ 

y dx~T"dx~2i 

d?y _—\ dy _ — \ 
dx* 2y* dx 4y 8 


V 

4y s 


(\*+4y , ) ,/ * 
“ 2 \* 


( 1 ) 


ra -*! (x ’ +4 ^ l+8 4 

=£(W{i + (g)*p 

=|^ v +w{i+^’}-* 


V 


• M 


• • • 


t • • 


• • t 


From (1) and (2) by eliminating y we get 

2X H"4WP 


• • • 


( 2 ) 


(A) 


The equation to the rectangular hyperbola referred to its as symp- 
totes is xy=[L'/8 t where ft is the latus rectum. 

. dy__ p. 3 cPy _ ft* 

dx 8ar*’ dx * 4sc ,< 


t • 



1 */ 

_(ft 4 -f 64a; 4 ) 

li^ft ** 8 


• • • 


( a ) 


i.e. 


• • 


=3x8*’{l-£±£?}-3^t' 

C 128i* ) . 16x* • 

^ s:G4x1 ~^ ; and from (128 / a 7>) , ' s =64x , +£l. 
(128^-?|_ 6 (^) , = 256 / t‘. 

Eliminating from (A) & (B), we have 

2\/) = a*. 


X • 

... (B) 
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Question 700. 

(S. Ramanujan) : —Sum the series 

(a+l+l)(!)’+(a+»+3){^|±y} 

+( „ +N .5) {$+4^|;}'+- *•» 

Solution by (1) K. It. Rama Aiyar, (2) by K. Appukuttan Brady. 

(1) Euler’s Identity gives 

(1—a,)-f ^ 1—a,) d* 1 — 0 ,) +.. . 

+ (i 1 a J ...a„(l—o n +j) = l“°i a 5»»» a n+i' 

In this put 

C+j)',(g?)', ....{ggy. 


Then 


= l-“L(?±iy( a +}Y ./ (ad-n— 1 V( a n y t 

b'\b + 2) V6 + 2/ \6 + «-l/ 

U, (l-a*) + -£(a + 6 + l)(6-a-l) + W*+3)(6-o-l) 

+ ...+ { W6+2»-l)(fr-a-l) 

(.6(6+1)...(6+h — 1) J 

f(ia + 1 fl + 2 a+n-1 fa+nlV 

C 6* 6+ 1*6+2.6+»-i C + ’ J * 

lienee the given serios S is equal to 

_1_ f a 3_ .(a+»-l)(a+»> 1M 

6— a— 1 \ L 6(6 + 1).(6+n—1) J J* 

(2) Lot ,„ = C+6+2,— 

Take the auxiliary series whose u r = -f 1 • 

L 6(6+1)...(6 + r— 2) J 

Th ‘- ^ r - 1), - ( “ +r) ’ } 

= (6—a—l)u r . 

»»—Vn+»“(6-a—1)S. 


♦ ♦ 


Hence 


c_ 1 r n *-( «(a+l)...(a+*OVl 

h - T^x ° Ufc+i)...(&+»-v ; 
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Question 705. 

(S. Malhari Rao, B.A.) -.—The circumferences of four concentrio 

circles are cut by two diameters. Arrange the numbers 1, 2, 3,...16 

the points of intersection in such a way that thelsum of the numbers 

on each radius and on each circumference may be the same, and also 

the sum of every pair of diametrically opposite uumbers may be the 
same. 

Solution by R. /). Karve awl others. 

The usual magic square 


1 



suggests the accompanying arrangement. Of course the arrangement 
may be varied. 


Question 712. 

(J. C. Swaminabatan, M.A.): —If a>b and 



o 

prove that 

Solution by (1) V. Krishnamurti, L. N. Subramanyam and 
K. B. Modhava,\( 2) by R. Srinivtuan, M.A. and (3) by 

Q. A. Kamekar. 

(1) Now/(a, 6) = I log (a+b cos 0) d0 

o 
-n 

log (a—b cos 0) (20 (changing 0 to i\— 0). 
o 



20 
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2 f (a b)= |" log (a’— tacos’ 0) d 0 
D 

= | log ( cos 2 0 ) dd. 


changing 2 0|to n— 0, we get 


= j log (a 1 - — + — cos0)</0 
/( u 2 ' 2 / 

Again / (a, i) = rr log ./ + | log ^1 + ^ cos 0^ J 0. 


patting 


1 • 'A 

= 7T log a COS ? i a+j log (l + <e ,W )(l + <o 

o 

b • 2t 1 

-=sin a =y__ |t where t=tan ^ a 

= -n log a cos* a-f | ( +■”••• ) 

o 

/ 4 —10 t* —2t0 , 


)d0 


(^ e -5 




f ^ / t* \ 

= it log,a'.cos* i a-f J 2 f t cos 0— ^ cos 204 —• 


t* 


= ** log a cos* | a + 2 [—t sin 8 * D 




,. /(o ,6)=if(a>-|,|)=„log(?+^ 1 ) 
(2) | log (1+n cos 0)\dQ—'i% log 


(page|177, Roberta' Integ.,Oal.), 




155 


In tins, Pitting-f or we ge t the required result. 
AL>o 


/(a, b) = * log 


■■'('-r. s -'•< 11 


2a*-6 5 +2aV« , -6* 


= IT log 


= tt log ^ 


“+Va'-b- 


) 


=2/(a, 6). 

. *IT 

(3) Let I =/(a,6) = ) log (a+ 6 cos 0)<I0, a>6 ; 


J =f( a ’-r-j) = ( >“g( “ ,_ y + t CO30 )‘' 0 - 

Differentiating I and J with respect to a, we get 

81 - f 71 i JQ _r 

da 


dJ 

da 


=f.-+ibns*= [ db ta Vfl5 to 1] 

= Cv?b V br* tan 0/2 ] 


ai _ ” -. n .i 8J _ 2 -” 

da ya*— 6* dai Va*—6* 

1=^ (log a+Va* —6*)+c ; and J =2 tt log (a-f Va*— 6*-fc'). 
Now both I and J vanish if a = l and 6 = 0. 


Hence 


• i 


c =—n log 2 and c' = — 2 m log 2. 

1 = tt log ?+Va«-6* , aud j=27T log a+y/tfZy 

i,xj^ log £±y^p. 


Question 716. 

(S. Kbisukabwami Aitangab, B.A.) Show how to find the sum of 

1+ 1! + ‘5T + 3T + ,,, JI + - 
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Remarks by K. R. ATadhava . U. Snnioatan, if.A., 
ami S. 71. Uanyanathan. 

It is quite easy to see that the sum of this is 

1 + ( a .D V ’* 

The proposer is referred to p. 184 of the Journal for October 1913 
for more general results of this kind. 

Question 717. 

(C. Kr 18 ! 1 NAMAC»IAKY) :—Show that: 

4(x + //) — <f(x + 3/i] d-<t(x + 5/<)—... 

= 4(* c —^) — 4 —3fc) + i(x 5/i) 

Solution (1) by K. B. Madhava awl D. G. Dandehar , B.Sc ; 

(2) by If. Srinivasan , l/.A. 

(1) Adopting the method of Edwards’ Df#. Calc. §553, we take 
the result sin 0 — sin 304-sin 50... =0 


j.e 


i0 3,0 , 5,0 _ -,'0 -3*0 , -5t0 

e — c +e —e T e 


■a 11 J- 

and write for e , the operator v ' x — E/i, when we get 

k‘-k 3 , '+i-; m —... =K-'*-E- 3 ' i +E= 5 ' i -... 

applying this to operate upon 4 (x), we at ouco have the desired result. 


(2) Wo know that 


-/ 


1 4-X* 1 + X - ’ 


I.C. 


In this put x=c'‘fa = Y* h and lot both sides operate on 4 (*). th on 
(1 + B ,, ‘)" , 4 (x) =K- ,, (l + H- 5 '*)E- l 4(x) 

4 (x+h)—4 (x+3*)+...=:4(x—/i)-4(x—3fc) + ... 
lie marks by K. U. Madhava. 

Expanding >u powers of by Taylor’s theorem wo see that the 
even powers of h agree ami the question amounts to showing that the 
coetlicionls of the odd powers of /i, viz : 

ia**i_3W** + 5**-i_ ...vanish. 

00 

From the fact that the integral J (xt)dt converges uniformly 

o 

if cos 0 < l —a (in the notation of liromwich, § § 109, 110), wo infer that 

00 

the results for S C ? S >* 0 can be differentiated any number of timos, 

SI IT 


1 


whence we obtain the results : 
co 

S » !311 sin n 0 =0, if 0 ia not aa even multiple of it. 

1 
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00 

S (—) n_1 n 5S sin M0=( — f tan -- V if 0 is an odd it; 
« uH 1 V - ' 


i 

from which we have 

l* 9 +» _3* s *» q. 5 w +»—... — 0. 
and V s -3 U +S V -...=$(-)• E s \ 

where E is the Euler number. 


Question 728 . 

(K. Appukuttan ERADr, M. A.) If M=(a b cjg h)(xyz)\ show that 
j j ju n dx dy dz taken throughout the space bounded by u = l, is 


fa _i 

A where A is the discriminant of u. 


Solution by Martyn M. Thomas, K. V. A. Sastri and C. Bhaskaraiya. 

Since u = l represents a central conicoid, transforming the equation 

to the standard form X^+X, y*+X,z*=l, by turning the co-ordinate 

axes so as to coincide with the axes of the conicoide, we find X,X,X, = A. 

Now consider a concentric, similar ellipsoidal shell 

Xjz’-t- X.y+X/sA 

over the surface of which u has the constant value h. 

Extended over the volume of X l **+X J ^ , -|-X s r g = A, included in the 
first octant, 

nr... mm^^T d 

II! *•*« -^—F(T^"S- 


The differential of this gives the value oi j j jdxdy dz oxtended all 


if 


over the surface of the shell, viz. - - h - dh. 


4 A* 


f f f u " dzdy dz=.JH— f h n . h 2 dh, since u—h all over the sur- 

4Aa J 

face of the shell. 

Hence the value of J j Ju n dxdydz throughout the 6 olid 

= f 1 h n+ *dh 
4 A 9 1 o 


4«n 1 
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QUESTIONS FOR SOLUTION. 

772 (T. Kaukama Ra«, H.A., B.L.)To construct a triangle 

Having given tlie sum of the sides, tlie venical angle, and the area of the 
rectangle formed by the two segments into which the base is divided by 
the external bisector of the vertical angle. 

Wanted a purely geometrical solution. 

# 

773 (K. Am'KUiTAN Kk.W’Y, M.A.):—The conic lj3y+ mya + na/3~o 

circumscribes ABC, the triangle of reference. If p„ / 0 a , p, be the radii 
of curvature of the conic at A, B, C respectively, show that 

a'p t : b p t : c'p,: • (»u ! -f <P —cos A) - : (!*+>**—2In cos B) '* 

: C08 C) $ 


774 (N. IV Panova): —Find five sets of two numbers each such 

that their sum is a perfect square, uud the sum of their cubes is a per¬ 
fect fifth power. 


775- (K. Siunivasa.n) :—Provo geometrically 

i.io 2dn* z 
1+du 2z= 

1—A.-' an- 


776 (K. Srinivasas) :—Expand in a Fourior Scries cn*z. 

777- (S. Kimshsaswam! Iyesgar) :—Shew that the envelope of the 
uxesof the parabolas having double contact with the ellipse x'/a?+y % /b t =l 
at the ends uf a focal chord is 

4<xV+!/*)* + 276*o V - 48d 6 Varh/=(J. 

778 (S. Mauiari Kao, B. A.) :—Solve in positive integers x'— y' 

=4z\ z*—ir J =15if, x-f y-j-r-p«c= 1*J2. 

779- (S. Malhari Rao, B. A.):—ABC and ADC arc two rational 
triangles. If their ureas are rational but unequal, and if BC = CD = 13 
inches, and AC =37 inches, show that ABCD is acyclic quadrilateral 
and that the angle BAD is bisocted by AC. 

• • • • 

780- (Martyn M. Tuumas) : —Solve the difference equation 
(l-fx)n J+a —2e vt+, .x.u jr+1 -f c 4 *(x—l)u x =c ,+r+T * 

781. (Sclocted)Two vectors OP, OQ of the ourre 

r=2o cos 5 (^.+!L) 
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are drawn equally'inclined to the linitial line. Prove that, if s be the 

length of the arc intercepted, the area included betweeen the curve and 
the radii is 


5 as 9a 1 . /2$ \ 

T 16 Sm \3o)* 

782- (Selected) If S r is the sum of the squares of the reci 
procals of the first r odd numbers, prove that 

Si. Sa. S s . _ 

3* 5 a ** — 384* 

783- (S. Ramanujan) If x=y n —y n ~\ 


and 

j„=f 'sey ix 


J 0 * 

6how that 


(i) 

T “W* T W* |T 

Jo_ ir ; J i=lQ : IJ >= 

(ii) 

J»«+J 1 


7, 6. 


12 


w* 

15' 


784. (S. Ramanujan) If F(x) denotes the fractional part of a 
( e ’0- ^C 71 )— .14159...) and N is a positive integer, show that 

(i)^-NF(K V 2)^ ; ^ NK(NV 3) = l ; 


Lim 


N-> oo 
Lim 


■ N F(N V 5)= 1 : 


^NF ( NV6) = ^ ; ^_ NP(NV7)= ^.. 

00 ^ o N(logN)'-*F(N^)=0, 

where n is any integer and p is any positive number. 

(iii) In (ii) show that p cannot bo zero. 

785. (8, Ramanujan) Show that 

yfitytf+V—a) Wa^-b)^(a+b)'-^a'-ab+b\ 
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This is analogous to 

yj 2( ^a'+b'-a)(y/a i + b'-b) = a + h-- y ya*+b\ 

780 (Map.Tyn M Thomas):—P airs of tangents are drawn to a 
closed oval curve, without singularities, at a constant angle 2a ; and 
lines are drawn from their point of intersection, inclined to them, ex¬ 
ternally, at /? and y. If p and 7 he the entire lengths of the curves 
enveloped by these lines, and l that of the given curve, show that 

p cosec (a + /?) = l cosec a = <] cosec (a + y). 

787 (M. K. Kfwai.ramani, M. A.)-.-Prove that if a bo not an 

integer 

■n f(x + ah)-f{*-ah)_f(x + h)-)Xx-h)_ 0 f(x+2h)-f(z-2K) 

2-sinaw !*-«’ “ 2 *- a * 

, 3 /(*+3ft) 

"3*—o’ 

788- (E. II. Nevii.i.e) From the point (u, i-) can be drawn four 

normals to the ellipse (a?/a > )+( S # /6 , ) = l; four circles are drawn, each 
through the feet of three of these normals ; shew that the sum of the 
squares of the radii of these circles is given by 

2a’b*Er*= (a*+ &*)’- (a 1 - b*)(oV- b'v'). 
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3. Tho Committee have pleasure to annonnee to the General Body 
that it has been arranged to hold a Meeting of the Society at Madras 
on the 20th, 27th and 28th of December 191G— (the dates being liable to 
alteration). A local working committee consisting of the following 
gentlemen has been appointed to take the necessary steps in the 
matterDewan Bahadur R. Ramachandra Rao, Messrs. E. B. Ross, 
M.T. Naraniengnr, S. Narayana Aiyar, 1\ V. Seshu Aiyar, P. R. Krishna- 
swami and C. N. Ganapathi; Mr. P. V. Seshu Aiyar will be the Jjocdl 
Secretary. 

The Committee expect all the members to be present on tho occa¬ 
sion and it is requested that tho papers to be read at the meeting will 
be forwarded in time to either of the Joint Hon. Secretaries, or the 
Local Secretary. 


Poona, f 
8th Sept. 1916. \ 


D. D. Kapadia, 
llony. Joint Secretary, 
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The Legendre Expansion of F {(l-2r cos 0+r')"}. 

By M. T. Nabaniengab. 

1* In the Mar «h 1916 number of the Quarterly Journal oj Mathe¬ 
matics • Mr. S. Chapman of Trinity College, Cambridge, investigates a 
power series for the coefficient of P m (cos 0) in the expansion of 
(1 —2r cos 0+r*) M in Legendre’s functions, and discusses the validity 
of the result in accordance with Cesuro’e method of summability.f. The 

formal analysis set out by Mr. Chapman in § 2 leads to the following 
expression: 


fM 


Iff 


(1) 

00 


(i-2r*+^)’‘=I[(2m+l).A, II (r).P m ( a; )] 

where A m (/')=(-iy'V-”‘ /j [~ r ,c /-^»+?)<-.» ,*< 1 

t = (*+s)l J 

and x denotes cos 0 . 

In the course of his analysis, which is somewhat tedious, Mr. Chapman 
uses the formulae for x‘ in terms of Legendre’s functions given in 
Todhunter’s Functions of Laplace , Lame and Bessel (pp. 18, 19), viz. 

T 3< - 1 P + _ 2t_ _ ep , 2t(2t-2) 

2t+l (2f+l)(2/+3)’ J+ (2t+l)(2«+3)(27+5) J l4+ ‘** 

1 2 1 

3 P,+ (27+3)(2t+5)‘ 7 P * 

+_ mt-2) 

(2t+3)(2t+5)(2f+7)' 1 Afi+ "* 

Byerly’s Harmonic Functions , (p. 50) contains a simplor expres¬ 
sion, viz. 1 


.ii+i 


X 


1 


t ! 


l-3 5...(2t+l) 


[<2«+l)P, + (2«—S)?^ 1 p„ 



+ (2t—7)>—TA 


2-4 


(3) 


with aid of which Mr. Chapman’s result can bo more readily established 

2. To this end we shall first determine the co-efficient of r"‘ in the 
expansion of ( 1 - 2 ™+ r’)’* as a power series in *. 

Wo have 

(l-2r*+7 s ) , ‘=[l+r(r-2*)]", 

= S[?! 

__ = r(B„y“), say. __ 

s. l> ~~ 2 r - e+r,)n <■ ^ * 

t OJ. Bromwich ; Infinite Series, p. 310. 
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Collecting the terms r'" in the double series, we get 

T» Yt o r y u »i I ( o r V'»-J ( TO— l)i M »t-i 

. t o C m 2 ) a . H,„_j , 

+( — x) ‘ + .J 


• • • 


( 4 ) 


The last term in (4) is 
if m is oven ; and 


"i 

•J Ml 


(J 2 rn) ! 




[;(«* + !)] ! 

if m is odd. 

3. Now, to obtain the required Legendre expansion we have to 
substitute for the several powers of x in £ (B,,,^ 1 ) from formula (3) 
and pick out the co-efficients of P m . Por.this purpose, we need not 
consider B/, for values of j><m, as such B’s will not involve P,„. The 
expansions of B rn+1 , B m+S> ...will likewise be free from P m . The 
coefficients of P,„ will thus be found from the development of 

. 

and may be written 

(-Z) ./■ am-—,+'■ *) a «+» (m+2 )! 

xr-ov 11 ,, ( , " + l)i- ,, m+i - | 

+ ( Um i 1! (m + 1)! J 

ui.il T/ OM<i + 4 - "m*« i /_ n ("‘ +3)| 

+ r L ( 2) -) -y,— ( —g j, 


I ( '2Y“ a ( w *^2) 4 u «i43 1 | 

+ C i) 2l J +- 


where u,,,, a, nU , u,„ +t ,...denote the coefficients of P„ t in the expansions 
of a m+ *, x ,, ‘+\...by (3); that is 

m ! 


<*m = 


(2 m-f- 1) 


1.3.5...(2m+l) 

, a - (* l + 2 ) ! fo m+ ix 


f MI + 4 


• •• 


(2 m + 5)' 

= (» l +4)*. — (2m-fl) 

1.3.5...(2m+9) v 2.4 


• M 




• • • 


Comparing with (1) we deduce that 

a (— 2 ) ,,, r "* fn m , ( 2.»„,43 . (**+!)» 

mK * ~ 1.3.5.,.(2wi+l) L vi r \ (2m + 3) ^ 1! m+ \) 
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+( 


01 


_ _ _L + l \ |. 

(2m + 3)(2m + 5).2!^(2m+3)^ 2!/ + , ”J- 

— ( 1) ,J ‘ ? *m j . r i ( n m )( n -f- * ) , — hi ) T (f J + A) 3 

0' l +T)m L (m+z) 2 !T^+l)(^+f) 

4- 4- /3< ('*“ 7n )l(»+ ')< , 1 /r, 

' + + "J W 

since by Vandermonde's theorem 

(m+|)a , (m+iMn-w- 2 ), (n- m -2) a (w + i + n-m-2), 

2 ! x 1 ! 1 ! + 2 !- '~2l - 

_ (n-f-I)., 
o» » 

« • 
anil generally 

te±!+fi| + ( m +t+ , (*»+/+£),_,(»-m—Oi 

t! ((-1)11! (<- 2 )! 2 ! 


+ 

Finally, therefore we may write (5) in the form 

A^)=(-i)V.Vr w (»+j), , 

<=0 *-<! (M+<+i)„ I+t 


f! 


t ! 


J 


which is easily seen to agree with Mr. Chapman’s result (2). 

4. Next, let us consider the more general form F (I — 2r x+r 5 ), 
where F(r) is capable of expansion by Maclaarin’s theorem. In this 
case, A „,(/•) takes the form 

fcSc 2 («- "?) *(*>'>'?« 

where the summation includes all integral values of y. Thus wo 
obtain, after somo simple reduction, 

. (1) ] 

+ (»T^ a [-2 + r- F,,t, ( 1 )+ ( ”‘r^ , i-no+r-V)]+...(6) 

lb 0 »hove result may also be directly derived from the expansion 
by Taylor’s theorem of F(l—2 r*+r*), vis. 


2 [(-«r*.) 2 a* 3 ] 


and developing F^ (1 -f r*) i n powers of r’, and using (3) for the Legendre 
expansion of a*. 
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5. Lastly, we shall discuss the most general case of F(r) where = 
stands for (1— 2/\e+r , ) M , n being any number whatever. 

This case differs from the preceding in having (p«) instead of p 
throughout the right-hand member : so that 

t_lV“A - y,M V (pn),..F»(o) 

+ . (7) 

The summations in the above are effected by means of the following 
formulae from Boole’s Finite Differences ; 

4(i>) = <*(")+A A’4 (o) 

+ A\t(o)£+...A” , 4(o)^, [ P . 11.] ... (8) 

•5 : 771 : 

A"<^(a)=4 (•«+ q)-qi(*+<l - 1 ) 

+f;4O+g-i0-...(-1)^). Ci>-19.] ... (9) 

Thus, if wo write <U+j(J>)=Q»»)...+i G*»+u)» 

<Lu-h 0>)=(^>0*«4i(P'‘ + Oa» * c -; a “ d expand theso by (8), then 

F*(o) , A , F* . 


A+D (l+£+£+) 'f+ A >-(1+} +... 


= e 


r ,w AD D r . 

<=+K - * [ * F]+ - 

.d<h a> + . p+ ... 

(m-f 

DD' r . r n, *H 


( r m + w 

t (»»+!) 




~M+l J 


whoro D o|)orates on and D' on F, and tlic indopendout variable is to 
bo put equal to zero after the operations. 
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Some Deceased Modern Mathematicians • 

1* Weierstrass >-Weierstrass was born in Ostenfelde, 
*ermany t on October 31,1815, ami died at Berlin on February 19, 1897. 
During (he years 1834-38 he studied law an«i finance at the University 

of Bonn, and later during 18:18-40 he studied mathematics privately 
under Gudermaun at Munster. J 

Many mathematicians of the first rank gave evidence of their un¬ 
usual mathematical abilities at an early age. Galois, Gauss, and Abel 
are instances of this kind. On the other hand there are those who 
abandoned other lines of work to turn to mathematics, acquiring their 
special aptitudes along this line at a later period. W’eierstrass belongs 
to the latter class, as he turned to mathematics at an age which ex- 
ceeded that reached by Galois (1811-1832) and at which Gauss (1777- 

oh) had already completed his monumental work called Disquisitions 
AnlhmeUcae. 


eierstrass constitutes an exception to the supposed rule that 
elementary teaching is distasteful to those who are specially gifted as 
regards research ability. He spent a number of years as a teacher of 
secondary mathematics and began his work as Instructor in the Univer¬ 
sity of Berlin m 1856 in connection with a Technical School. 


T r. . 1864 thnt he receivc<1 u full Professorship at the 

m Zl I ® COuld th,1S ,levo,e a11 his time to advanced 

mathematics. He continued to look on his elementary teaching expori- 

once w, ,h pleasure and had little sympathy with those young men who 
sought to avoid such experience. 


We, |' ste ™ published little compare,! with the large number of hie 

the Z a ,7 “f'°c He emle! ' re ‘ 1 llimSElf '° his s ‘»dents by 
he great hherahty w ,th „h,ch he allowed them to develop important 

os which he himself had started but could not find time ti finish 

e “ kin '' wo ‘be Doctor’s dissertation of 

Ph ,e K °7 l6w " ln (1850-91) who was one of the most noted women 
among mathematician, of her time. In her interesting biography of 

' ° P °T e 7? 1 ’ A"™ 1 Charlotte Lcffler remarks that the entire 

dZ of . W0 , ° P K °™l*™ki wm only the development of the 

.done of her great teacher Weieretraae. While (hi, tribute may be loo 

favourable as regards the work of Weirstrass in this connection, it is 

an evidence of the high regard entertained by hi, students toward, their 


J Extracted from Q. A. Milled Hi'torital 
LiUratnre, New York, 191Q, 


Introduction to Mathematical 



While Weierstrass worked in ninny different fields of mathematics 
his work in the Theory of Functions is probably the best, known. His 
example of a continuous function without :i derivative, or a continuous 
curve without a tangent, made a profound impression when it first became 
known and constitutes one of the most striking results in the history of 


mathematics. 

He recognized early the need of greater rigor in mathematics and 
is regarded as the greatest exponent of the modern tendency termed 
l,y F. Klein “ Arithmetizing of Mathematics ”t 

His theory relating to the Irrational Numbers is of fundamental 
importance in the modern theory of those numbers. He gave an abstract 
definition of determinants of order n as a function of n’ independent 
variables satisfying three cliaracterestic conditions, which is frequently 
erroneously attributed to Kroneckor (1823-1891). This error occurs, 
for instance, in the Encyclopedic des Sciences Mathematiques, tome 1, 

volume 1, p. 90 ♦ lW- 255 ‘ 57 *3 

2- Cayley The biography of Cayley is especially interesting 
to English readers in view of tho fact that Cayley comes next to 
I Newton among noted English mathematicians. He is, however, first 
among the English mathematicians who have advanced modern mathe¬ 
matical theories. Like Vieta, Fermat, Sylvester and Weierstrass, 
Cayley studied law in his early years. 

During the fourteen years which lie spent in the practice of law t 
ho wrote between two and three hundred mathematical papers, and 
those included some of his most important discoveries. He regarded 
his legal occupations ns the means of providing a livelihood, and he 
reserved with particular care a portion of his time for mathematical, 
investigations, refusing a considerable part of the legal work which 

came to him. 


Arthur Cayley was born at Richmond, England, on August 16 
1821, and died at Cambridge on January 26, 1895. He was educated 
at Trinity College, Cambridge, and in 1863 he was oalled to the newly 
established Sadlerian Professorship of Pure Mathamatics in the Univer¬ 
sity of Cambridge, which position he held until his death. The duty 
of tho incumbent of this position was - to explain and teach the princi¬ 
ples of pure mathamatics and to apply himself to the advancement of 
that science”. Few men were better qualified than Cayley for suoh 
a position, and few men have carried out more completely the duties 

implied in tho acceptance of 1 he position. ___. 

f Bulletin of the American Mathematical Society, Vol. 2, (1890), p. 241. 

X Gf. G. Frobonius, Crolle, Vol. 129, (1905) p. 179. 
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lie wrote only one book on mathematics, viz, a Treatise oti Elliptic 
Functions, which was published in 187G, and contains a considerable 
amount of new matter. On the other hand lie wrote an unusually large 
number of papers on a great variety of different topics, including the 
subjects of qualities, geometry, theory of matrices, symmetric functions, 
theory of invar:ants, Ac. The number of these papers is almost a 
thousand and they have been collected and published in thirteen large 
volumes. The subject with which Cayley’s name is perhaps most in¬ 
timately associated is the theory of algebraic invariants, but he contri¬ 
buted his mite to almost every subject in pure mathematics. In parti¬ 
cular, he is generally credited with the .introduction of the Absolute 
in to ge ometry. 


Cayley endeared himself especially to Americans by the fact that 
ho lectured fora time at John Hopkins University during its early 
years, when Sylvester (1814-97) was engaged in the fundamental work 
of establishing research in this country. Cayley and Sylvester were 
students at Cambridge at the same time and formed then a lifelong 
friendship which was doubtless increased by their interest in common 
subjects of research. In the theory of algebraic invariants they were 
both among the earliest to make important contributions and during 
the fifties while Cayley was practising law and Sylvester was an 
actuary ,n London, they were in the habit of walking around the courts 
of Lincoln’s Inn discussing the theory of invariants and covariants 
which was then occupying the attention of both; although both were 
engaged in other work for a livelihood. 


While Cayley and Sylvester would doubtless have become great 
mathematicians under almost any circumstances, the time at which 
they lived seemed especially ripe for great advances by English mathe¬ 
maticians. The dispute between Newton and Leibnitz had resulted in 
an isolation of English mathematicians, since these adopted the less 
convenient notation of Newton as well as his conservative geometrical 
methods and thus failed to join directly in many of the active advances 
which were being made on the Continent. The disadvantages of this 
isolation wore fully realized at the timo when Cayley and Sylvester 
began their scientific work and the goneral appreciation of the analy¬ 
tical methods developed on the Continent acted os a healthy stimulus 
for the exercise of then- special gifts along this line. [pp. 257-59.] 

3- Cremona The word Cremona is mot with frequently 
in the form of an adjective in mathematical literature. We speak 
of a Cremona congruence, a Cremona curve, a Cremona group, a 
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Cremona substitution, n Cremona transformation, etc. The student 
of projective geometry is likely to have received inspiration and plea¬ 
sure from the reading of Elements of Projective Geometry which has been 
translated into various languages. 

Luigi Cremona was born in Pavia on December 7, 1830 and died 
in Rome on June 10, 1903. He was elected as Professor of Geometry 
in the University of Bologna in 1860 and many of his brilliant dis¬ 
coveries were made soon after. In 1873 he was appointed Professor of 
Higher Geometry in the University of Rome and Director of the reor¬ 
ganized Engineering School. Most of his important publications 
preceded this appointment, as the administrative ami political duties 
connected therewith seemed to have consumed most of his energies 
during his later years. 

Ci'emona was fully identified with Italian institutions and can be 
called an Italian Mathematician without reserve, unlike Lagrange 
(1736-1813) who did a greater part of his scientific work in Germany 
and Prance. The wonderful Mathematical advances made by Italy 
since the middle of the nineteenth century were largely guided by 
Cremona, Brioschi and Beltrami. [pp. 264—5]. 

4. Lie: —The importance of the gronp-concept in algebraic work 
was brought to the attention of Mathematicians through the work of 
Abel and Galois during the first half of tho nineteenth century. The 
fertility of this concept in other linos of work was made clear in the 
early part of the second half of tho century by the researches of Jordan 
and others. It was not, however, until Lie and Klein hail selected this 
concept as the centralizing and unifying element of their work, that tho 
wide applications of the group concept became generally known and 
the value of the new method came to be widely appreciated. 

Lie permitted his whole soul to be permeated with the group con¬ 
cept and invigourated by its’influence he devoted his life with persevo- 
ranco and great effectiveness to an exposition of various far-reaching 
Mathematical theories from this new point of view. “ Tho gronps do 
every thing ” was the somewhat exaggerated yet inspiring maxim by 
which he inflamed himself and his pupils. 

M. S. Lie was born on December 17,1842 in Nordfjordeide, Norway 
and died in Christiania on February 18, 1899. For six and a half years 
boginning with 1859 he was a stndent at tho University of Christiania, 
but he did not becomo specially interested in mathematics. In fftct f 



171 


after leaving the University he was thinking of devoting himself to 
Astronomy. A few years later he applied himself to the private study 
of mathematics and read the classic works of Duhamel, Lame', Chasles, 
Monge, and Poueelet. He became deeply interested and soon began to 
make original contributions. 

In 1861 he went to Berlin having received a stipend from the 
Luiversityof Christiania as a result of his successful investigations. 
Here he met Klein and both of them went to Paris later coining 
under the influence of Jordan Darboux and others. The common 
scientific interests of Klein and Lie led to several papers which they 
published jointly. While Lie was in Paris, he made in July 1870 that 
remarkable discovery of a contact transformation by which a sphere 
can be made to correspond to a straight line. 

In 1872 Lie• become Professor in the University of Christiania. 
This special position did not imply that he was expected to give lectures 
in the University, but permitted him to devote all his time, undisturbed 
by teaching duties, to his ivestigations. In 1873 he made the beginning 
of his extensive theory of transformation groups and in 1873-74 he 
determined all the finite point and contact transformations of the 
plane. 

In 1876 he helped to organize a new journal of mathematics entit- 
led Arcliiv for Mathernalik ng Natuvuidcnskab , anti ten years later lie 
accepted a call to assume the duties of a Professorship in the Univer¬ 
sity of Leipzig as a successor to F. Klein, who had accepted a call to go 
to Gottingen. It was at Leipzig that Lie came in contact with a 
number of students whom he started in his own work. Among these 
students thcro were a number of foreigners who were attracted by his 
great reputation. We referred above to Lie’s absorbing interest in 
group theory, but it should not be inferred that this theory in its 
abstract form was his chief interest. It served often as a guiding 
principle where the development of other theories was his main objec¬ 
tive. He wus especially interested in the theory of differential equations 
and regarded this theory as the most important among all mathema¬ 
tical subjects. 

To make progress in this theory was his chief aim from the 
beginning to the end of his productive career. Both his geometrical 
developments and his theory of continuous groups were subsidiary to 
this cud. Ilis great fame led the Norwegian Government to uia^ 
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special efforts to secure his return to his own country, ami shortly 
before his death he did return to accept a very honourable position 
created for him in the University of Christiania. fpi 1 - 205 68.] 

5. Poincare —Notwithstanding the rapid increase in the num¬ 
ber of prominent mathematicians during the latter half of the nineteenth 
and the beginning of the twentieth century, and the tendency to 
withhold full scientitic recognition until after the death of an author, 
Poincare' stood at the beginning of the twentieth century as the one man 
whom eminent scholars did not hesitate to speak publicly as the 
greatest living mathematician, lloth in pure and in applied mathema¬ 
tics lie worked with remarkable success, and during the latter part of 
his life he devoted considerable attention to philosophical questions. 

Hy his popular treatment of such fundamental questions as the 
foundations of geometry and the value of science, he did much to spread 
scientitic knowledge and to popularise our science whose beauties are 
too apt to escape the attention of the world. These beauties were 
emphasized in his philosophical work. 

Poincare was born at Nancy, France, on April 29, 1854, and died 
at Paris in July 1912. He was educated successively at the Lycco do 
Nancy, l’Ecole Poly technique , ami at l’Eeolc Nationalo Suporienre des 
Mines, receiving his doctors degree from the University of Paris in 1879. 
Ho was a very bright student and received first rank at tho ontranco 
examination of l’Ecolc Polytechnique. At the early age of 32 ho was 
elected as a member of l’Acadbmie des Sciences, and in viow of this 
occasion he prepared in 1884 a statement entitled “ Notico sur les 
travaux scientifiquos do M. Henri Poincare.” 

Although this Notice was written less than live years after ho begun 
(lie publication of his researches, it reviews a large uunibor of his 
published articles along the following three lines (1) Differential 
Equations, (2) General Theory of Functions, (3) Arithmetic or Theory 
of Numbers. Ho emphasizes the fact that he did not pursue his re¬ 
searches in these threo directions independently of each othor, but that 
tho results obtained along these various lines threw light on each other, 
and that his work along each ono of them was greatly aided by tho work 
aloug the other lines. 

Tho breadth of scholarship exhibited by Poincaro' in his enrly 
writings and his groat ability to observo relations between apparently 
widely different subjects beonmo still more pronouneod as ho grow older* 
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but we observe even at this early date a mind of very broad sympathies 
and of extraordinary ability to generalize. His principal writings may be 
classed under the following four headings -.—pure mathamatics, analytic 
and celestial mechanics, mathematical physics, and the philosophy of 
science. 

In 1909 Emile Borel published in the Journal called La Revue du 
.Wots, an article on the method of Poincare. Parts of this were trans¬ 
lated for the Bulletin of the Calcutta Mathematical Society. We quote 
from the translation :— 

The method of Poincare' is essentially active and constructive. 
He approaches a question, acquaints himself with its present conditions 
without being much concerned about its history, finds out immediately 
the new analytical formulas by which the question can he advanced, 
deduces hastily the essential results, and then passes on to another ques¬ 
tion. After having finished the writing cf a memoir, ho is sure to pause 
for a while, and to think out how the exposition could be improved . 
but he would not, for a single instance, indulge in the idea of devoting 
several days to didactic work. Those days could be better utilized in 
exploring new regions. 

“All this is not specially applicable to mathematics. Let us examine 
more closely the mechanism made use of for discovery. The essential 
feature of that mechanism is, as wc have already pointed out, tlio con¬ 
struction of now formulas. It is not useless that some stress is laid on 
this point; for this constructive power is the essential trait of tho geinus 
of Poincare'. The non-mathematical readers can be made to understand 
all this by means of a comparison. They know what arithmetical calcu¬ 
lation is, and are often led to believe that mathematicians arc in the 

habit of making interminable additions, multiplications, etc., and also 
extractions of cube roots. 

In reality arithmetical operations are unique combinations of 
integral numbers formed of units which are equal to one another. Those 
operations can be compared to the construction of regular walls by 
means of bricks of uniform size. The work requires only some patience 
and a little care. On the contrary, analytical operations make use to 
extremely nnmerous materials, and their variety is comparablo to 
those of structures where stone, marble, wood, iron, etc, aro used. 
These operations are as different from each other as euirasso 
is from a Gothic church. They have also, with the architectural cons¬ 
truction, this in common that an impression of beauty is producod by 
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the simplicity and elegance of the essential lines, without exhibiting 
any of the efforts by means of which the rcsolt has been obtained.” 

Poincare was a great pioneer boldly entering into unexplored 
regions and noting some of the most important objective points, and 
then leaving to others the details of organization. In the words of 
Uorel ‘ he was more of a conqueror than a colonizer', and he attached 
little importance to conceptions which cannot be realized in a concrete 
form. In this respect ho may be compared with men of action ; his 
method of work was too active to have much room for such reflections 
as do not lead to concrete results. 

Poincare won great fame in connection with his prize memoir 
relating to the problem of three bodies. In 1885 King Oscar II of 
Sweden offered a prize for the solution of a question iu reference to 
this general problem, and one half of this prize was awarded to Poin¬ 
care for his article entitled “ Sur le proble'me des trois corps et les 
equations de la dyuamiqne ” published in the Acta Mathematica in 
1890. In the Bibliotheca Mathematica for 1904 page 198, Kncstiow 
calls attention to the interesting fact that the copy of this memoir for 
which the prizo had been actually awarded contained a serious error, 
and that the given published article was really prepared for the press 
after the prize had been awarded. 

To those who would like to see a connection established between 
the university athlete and the intellectual giant, betweon physical powers 
and intellectual greatness, Poincarfc was a decided disappointment, lie 
was only 5 feet 5 inches in height, was somewhat stooped—at least in 
the latter part of his life, and weighed 154 pounds. Even as a child ho 
was rather weak and did not engage in the rougher sports of the boys 
of his age. Ho cared lit tle for politics and achieved his greatness solely 
through his scholarly services. When he entered the Fronch Academy 
he was told that he was born a mathematician. He had, however, the 
good fortune to live in a country where mathematical attainments arc 
hold in high esteem even by the general public. 

He wrote a number of books especially on mathematical physics, 
but tho threo books most commonly known deal with philosophical 
questions and bear tho following titles: La Science et VHypothesc, La 
Valeur la Science, and Science et Methode. The first had a circulation of 
10000 copies, and had increased his personality tenfold. 

The great mainspring of Poincares activity was seoking tho truth. 
This made his life both simple and beautiful. Seeking the truth implios 
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an open acknowledgment of ignorance. In fact, one of the strongest 
mathematical methods consists in pntting an x for the unknown 
quantity ; but how could we do this unless we were willing to admit our 
ignorance of the value of the unknown. Even in his mature years 
Ponicare'could honestly ask the question “La terrc tourne-t-elle ?” 
Things that are commonly accepted as true, but have not been fully 
established, frequently offer the most important fields of research, and 
the great investigator does not always accept the views of the masses 
as evidence of truth. 

At the funeral of Poincare, the French Minister of Public Instruct¬ 
ion remarked that all his work, all his life, was animated, by a pre¬ 
possession which found expressed in this thought : “The search for 

truth most be the goal of our activity ; it is the only ond that would be 
worthy of it.” r 
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SHORT NOTES. 

A further note on Question 567 - 

[The solution given in the “Messenger of Mathematics” and 
on }*. 102 of this Journal is unsymmetrical. The following application 
of the same method preserves symmetry and leads directly to the actual 
system of etpiimomentnl particles required.] 

Let each face of a tetrahedron he given a surface-density which is 
uniform, and let the ratios of the densities be such that the faces have 
all the same mass : since a uniform triangle of mass m is equimomental 
with three particles each of mass m 3 at the mid-points of the sides, the 
hallow tetrahedron so described is equimomental with six particles of 
equal masses at the mid-points of its edges. It follows at once that if 
1’, Q, R, U, V, W are the mid-points of the edges of a uniform solid 
tetrahedron of mass M. the tetrahedron is equimomental with a 
distribution along the three lines l’U, QY, RW which meet in the 
centroid 0, the total mass of each of the three lines being M/3 and the 
density in each line bring proportional to the square of distance from 
G, which is the centroid not only of the tetrahedron but also of each 
line. I' With a distribution of this kind in a line, the ratio of the square 
of the radius of gyration about G to the square of the half-length is 



that is, 3 5, and therefore, if the mass of tho line is »», the lino is 
equimomental with the system obtained by placing particles of mass 
3 h/ 10 at each end and the residue at the centre. Hence the solid 
tetrahedron is equimomental with the system obtained by placing 
particles of mass M 10 at tho mid-points of the edges and the residue 
at tho centroid. 

The reader is recommended to apply the corresponding process to 
tho triangle ; he will obtain at once a system much simpler than that, 
of thirteen particles given inthe Juno number of tho Journal. 

Eric H. Nrvili.e. 


Infinite Power Chains. 

In his Note on the ‘ Convergence of Infinite Power Chains \ published 
in tho J. I. M. S., Vol. VIII, page 11, Mr. A. Narasinga Rao, b.a. has tnkon 
the initial term of the'seqnenco to be unity. Tho object of tho present 
note is to examine tho range within which the initial form a x should lie 
to preserve tho convergence of A the isequonco considered. 
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The sequence («„), where a„^ = a a " converges, if nt nil, to n root 
of the equation x=a x , i.e. a point of intersection of the straight line y =x 
and the exponential curve y=a x . 

The following results were arrived nt by Mr. A. Narasinga Rao : 
e -» 

(i) e <«, no real root, convergence impossible; 

e -» 

(ii) e =«, one real root, convergence possible; 

r ” 1 

(iii) 1 <a<e' , two real roots, convergence possible ; 

(iv) 0<a<l, one real root, convergent, though oscillating. 

(i) The first case requires no fnrther consideration. 

(ii) When a = e , the limit to which the sequence may converge 
is e, and there are three special cases to be considered. 

First . If e<.a u the sequence diverges to oc . 

For, in this case, the sequence is an increasing monotone; and given 
any number N, however great, we can find a term in the sequence which 
is greater than N. 

The graphical discussion of this and the succeeding cases is interest¬ 
ing. Let ns represent the sequence (see Fig. I.) by points on the line 
y—x, the point D,„ whose abscissa is representing n„. Then, the 
construction for D, h j is as follows. Let the ordinate through I)„ cut 
the exponential curve in D'* +l . Let the line through D', l+1 parallel to 
the *-axis cut the line y-=x at 1),„ +1 ; then D„ +1 shall represent a (I+1 . 
lly means of this construction, wo got the range of points D„ Dj...which 
is readily seen to diverge to x. 



Secondly. If aj=se, the sequence converges to e. 

For, each term of the seqnence is e. 

23 



Thirdly. If «,<t (<i, should bo finite), iho sequence converges to c 

For, starting with any point A,, which corresponds to any value 
of a, which is less than e, we get the range of points A„ A,...which 
asceml up the straight line y-x, but cannot cross the point P ( x-e ) 
ami hence converge to e. 

(iii) When l<a<e , the two possible values to which the 
sequence may converge are .t, and a\,. (ar,<ar,) the two roots of the 
equation x = «*. 

Here, we have five special eases to consider. 

(u) If a 2 <a„ the sequence diverges to x . 

(6) If x, = a„ the sequonce converges to r*. 

These results follows readily for reasons similar to those given 
in (ii). 

(c) If the sequence converges to ar,. 

For, in this case, the sequence is a decreasing monotone, none of 
whose terms is less than .r,. Graphically, (see Fig. II) we have the 
range of points A„ A a ...which descend down the straight line y — x and 
converge to the point Pj. 


(d) If a*,=aj, the sequence converges to x v 

(e) If a,<x, (a, should be finite), the sequence converges to 
For, in this case, the seqnenco is an increasing monotone none of 

whose terms can be greater than ar,. Graphically, (seo Fig. II.) wo havo 
the range of points U„ 11,...which ascend up the straight lino j/=oi and 
converge to P,. 

(iv) If 0<a<l, the sequence oscillates and can be split np into 
two parts, consisting of the odd terms and the oven terms respectively, 
eaoh part being monotonic. If is tho root of x=a B t in this case, and 
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if the sequeuce of odd terms is an increasing monotone and the 

sequence of even terms is a decreasing one. Ami if x,<a„ the former 
is decreasing and the latter is increasing. In either case, both the 
sequences converge to the same limit*,. Graphically, we have the range 
of points A,, A ;; ...on one side of P, and the range A 5 , A,...on the other 
ide, each converging to P,. (See Fig. III.) 



The different results may be tabulated as follows :— 


V 

a 

a i 

Limit. 

i 

«r» 

e <a 

a, (tinito). 

1 • 1 

00 

er l 

e =ci 

e<a, 

X 


a, <e 

e 


* 1 

x,<u, 

X 

l<a<e 

ft* 

II 

.P 

• 

x, (the greater root). 


| 

j “l<*2 

»i (the smaller root). 

o<a<l 

• o, (linito). 

Xi (the only root). 


IS. It. Ranganathan. 
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Note on Question 742. 

[Q. 742. (Martyn M. Thomas): —Shew that a curve ami all it a 
pedals, positive and negative, liave tiie same potential at the pedal 
origin.] 

The following general theorem may he stated : 

Let x 0 =x 0 ( t „), y 0 =y„ ( t„ ) he the equations of a curve; and let 
x l = ar, (t[), 1/1 = y,(/i) he those of an associated curve, such that 

t 0 -t l +\=:=f(x 0 , y„, dy„/dx n ,...) 

=/(•*!. .V11 dyjdx „...) ; 

= a quantity related to the curves (* o y 0 ). 
(.t, y x ) geometrically in the same manner. 

Then 

Jo 

j 4'(=)d/o= 

J o 

= f f ‘ *'(-’)<«.+[ 4 ( 0 ] 

J o 

provided 4(0 is iX single valued function. 

Cor. In the case of a closed curve C„ 




f f f 4\:)dz 

' o ^ o 


f i\z)dt 0 - f 

! c„ • c» 

sinco J* <4'(0 dz round a closed curve is zero. 

Applications; 

1 . The potential of a closed curve is equal to that of its n th positive 
or negative pedal. 



since 


/ 


d<$ 

sin 4 


round a closed curve is zero. 



Hence V c = V 1 = V a = ...V,„ where n is positive or uegntive. 

2. When n is any fraction, the nth. pedal is geometrically dolinod 
as in the article on Root Pedals, J. I. M. S., Vol. II, p. 99 . 

♦ 

In this case also, proceeding as hoforo we have V 0 =V K . 

3 . For a similar reason the potentials of tho inverse und the polar 
reciprocal of a closed curve aro tho same. 
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4 . Iu the case of an arc of a curve (not closed) 

V 0 = V„— I* =V„ — [log tau \ <f] 

• SID <f 

= V„ —log (tan ! /?.cot \ a) 

/}, a being the limiting values of 4 at the extremities of the arc. 

5 . Let I 0 = I / (p) </Q„ ronmla closed curve, 

J C„ 


lh 


and I M =J f ( 4 ) tlie corresponding integral of the n 

pedal; then I 0 = I„. 

^ or »J/ ( 4 ) dp-0, round a closed curve, provided / (4) is a single- 
valued function of 4. Hence the result stated. 

M. T. Nabamknoai:. 


A small theorem. 

13 y giving particular values to f(x) in the following theorem, neat 
indentities can be obtained ; the theorem is : 

M + f<°) />) ** f"(o ) a? , 

a 1! a+1 2! a+ST 3! Z+s'*' " 


xT'(x) 


•>. 4 * ••• 


_/(*)_ xf(x) c'f\x) 

a a(a-f-l) a(a+l)(a + 2) a(u 4 -l)(a+ 2 )(«+ 3 ) 

This may be demonstrated as follows :— 

f o a "' 1 /(-*)*=j s'*" 1 f [ x-x(l-z ) | dz. 

Expanding each side by Taylor’s theorem, we have 

= J o ^"‘ {/(■«)-*(1 ~ =) f ( x )+. j d ; 

Integrating oach term separately we get the theorem. 


S. Nakayana Aiyah. 
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The Face of the Sky for November & December 1916 

The Sun 

enters Sagittarius uu November -2 at 8 p. m. anil Capricorns on 
December 22 at 9 a. m. 

Phases of the Moon. 

Sow tuber. lJccvuibe r. 



r>. 

u. 

M. 

i). 

li. 

M. 

First Quurter 

... 4 

IG 

2G 

3 

23 

0 

Full Moon 

... 11 

8 

31 

10 

19 

1 

Last Quarter 

... is 

17 

35 

18 

13 

8 

New Moon 

... 2G 

19 

34 

2G 

8 

37 


Eclipses. 

There is a partial eclipse of the Sun on December 25 invisible 
except in the Anturtic regions. 

The Planets. 

Mercury is in superior conjunction with tho Sun on November 23 
It is in conjunction with the Moon on November 24 anil on December 
25, with Mars on December 22, with m Virginis on November 1 and 
with 9 Ophinehus on December 5. 

Venus is in conjunction with the Moon on November 22 and on 
December li. It is in conjunction with 0 Virginia on November 16. 

Mars is in conjunction with the Moon on November 27 and on 
December 26. 

Jupiter is stationary on December 20. It is in conjunction with 
the Moon on Novomber 8 at 8-30 i\ M. and on December 5 at 10-30 r. M> 

Saturn is stationary on November 11. It is in conjunction with 
the Moon on November lG and on December 13. 

Uranus is in quadrature to the Sun on November 8. It is in con¬ 
junction with the Moon on November 3, Novcmbor 30 and December 28. 

Neptuno is stationary on November 7. It is iu conjunction with tho 
Moon on November 1G and December 13. 


V. Uamesam. 
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SOLUTIONS. 

Question 613. 

(P. V. Srsiir Irr.R) Show that 

PQ0 /*V_ P( n + *)_ (x\ 

Lim P(*+-)V2/ P(ii+V-:) V 2/ 


Z-±o 


= 2 log|—s|»(*)*”'4 J ( }l +«), 


where stands for and P (.r) denotes I~ (z-fl). 

(I X 

lie marks ami Solution by K. B. Madhava. 

Let ns write /(:) for the expression in the nnmerator. 


Then 


Hm l(0 =/>) . 

=->0 - 1 v ’ 


Now 


,ff.w Pt,) © S,0B S PW(|)^ ( H-0 
p («+c) [P(«+fi)]’ 

P(w+0 (?)" e p( " +fi) ©~ p,(H " M ““'). 


p(*»+»-«) 


[P(n+.-*)]« 


• • 


/'(o) = 2 log-—jJj(0-*4 J ( n + a )» w ^ ere 4* ‘ s a s defined 


Hero 2 is made to approach zero through positive values ; if other¬ 
wise it is easy to see that the second and third terms enter with changed 
signs. The limit that we have just calculated has a very interesting 
application in Bessel Functions, see for instance, Oray and Mathews. 

For let it be reqnircd to express 

— —x sinh u 

x u \^ sin (a: sin 0) cos v 'Qd9 — x u \ c cosh 1 ” »< du ... (A) 

o o 

in terms of Bessel and Neumann functions. 

This can of course be done by the usual definite integral (definition 

.of these functions, but if we take the integral 

t +y>i ixs *-1 

I = *"| c (1 - 2 J ) -dz 

J +00 i 

along a contour through the imaginary axis beginning nt + co t and end¬ 
ing again there, but only enclosing the points —1 and4-1, we can suc¬ 
cessively, by Cauchy’s theorem, deduce (with some restrictions on the 
magnitudes of n and 2 ) results to establish the equation 

G„ sin n7f =J„ cos nvr—J_ H ... ... (B) 

where y^2"“ , r(»4-|) G„ is the expression (A) 



When u i* an intoper however. (B) gives an apparently indetermi¬ 
nate form for G„ : in such :i case, wo need only understand (B) toUnoan 


lim 

c->o 


sin (» — r)*7T. G,,--=.T f ,- r cos (>i— z)i\ — 


X.C. 


__P _. lilN ( 'hi »—2l 

* M r->n 


lim ( 

~-yW V2/ 


>i-l 

v(-r __ i_ 

Z/r(r +1i’(-«+'•»- 1 + ; ) 

M = 0 



where F(c) = T(r +1 )r(» + r+1 )/(=)• 
determined 


H-a)" g<-v* , © r } 

r=0 * 

Putting in the limit we have 


^.G ,, *Y,,-J II (log 2 + 4 j(0» 

where J, Y are Bessel an<l Neumann functions, respectively. 

Here 4> (0) of Mr. Seslm Iyer’s notation 

= 4< (1) of Dr. Bromwich’s =■- — ( (Killer’s constant). 

[See Bromwich, P. 475, Ex. 42]. 

For other properties of Hnnkcl’s function G„ reference may ho 
made to §§ 17.0 and 17 61 of Whittaker and Watson “ Modern Analysin'’ 
(Revised Edition, 1015). 


Question 652. 

(S. P. SinoaRAVBUI Mi oai.iar) :—Prom a point. |(eccentric angle 4) 
of an ellipse of semi-axes a, b, three normals are drawn to the ellipse ; 
shew that the square on the radios of the circle passing through the 
feet of the normals is 

(«+6* ( 2a) eos*<f>+(6+ a*/2&) sin*4 


Additional solution by E. H. Neville. 

We prove first that 

If a circle cuts an ellipse in the points whose eccentric angles are 
0 M 0» 0",. 0i» then the centro of the circle has co-ordinates 

{ (a*—6*)/4o } £ cos 0„ { (6*—o*)/4b } Esin 0„ 
a familiar theorem, virtually given in Wolstonholme’s Mathematical 
Problems (No. 102G of the 3rd Edition). If the radius of the circle 
is r and the centre is p, q, the four occontric anglos arc given by tho 
equation 


(n cos 0— p)'+(b sin 0—^)'=r*; 
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arranged as an equation in cos 0 , this is 

{ (a cos G-lO’+lrO-cos’ej+^-r* } ! =4 by (l-cos’ 0 ) 
and an inspection of the coefficients of cos *0 and cos y 0 gives 

(a 5 — 6 s ) £ cos 0 r = 4 ay, 
and the corresponding equation 

(Ir—a 7 ) £ sin 0,=4 bq, 

follows from symmetry. 

We can now solve Q. 652 ; if ^ are the eccentric angles of 
the feet of the normals from the point of eccentric angle 4 , then ^ 
tp : , 4 are the four angles given by ^ 

a * cos 4 sec 4 *— b 9 sin 4 cosec 4 * = u s — 5 s ; 

arranged as an equation in cos ^ this is 

{ (a—b*) cos 4 ;-a’ cos 4 } 3 (1 -cos 5 4 ))=fc«sin 5 4 cos 5 + 
ana therefore 

, » . , » i C0S * +Icos 4jr > = 2 a 5 cos 4, . (1) 

lrom which follows by symmetry 

( 6 s -a s ) { sin 4+1 sin 4 > f > = 26* sin 4.( 2 ) 


Since the circle through the feet of the normal, passes „ls„ through 

the Point diametrically opposite to tho given point, the centre of the 
circle has co-ordinates 

{ (a*—5*)/4a } { (£ cos 4> r )-cos 4 } , { (5 5 - a 5 )46 > 

{ (E sin 4) r )—sin 4 } 

anJ by (D, (2) these are equal to (4'/2o) cos +, (a*/2b) sin *. The circle 

the p ° int <- ~ *-»*« 

(“+£)’“»•++(*+|)’»in'<f. 

clifrer T en°tl y rMI,lt Uv<! ^ Pr ° Te ’ “ ni1 Q ' 652 oan 1,0 «P™«ed 

• j- A y “, r , e ‘ h ° Meo “ tiTe of the vertices of a triangle 

inscribed in an ellipse, and if t denotes -(a+/?+y), then the eiroom- 
centre has co-ordinates: 

{ ( a — 5 5 )/4a } (cos a+cos /?+cos y+cos 5), 

{ (6'-a*)/46 > (sin a+sin /?+sin y+sin 6 ). 
Since the centroid has co-ordinates 

(a/3)(cos a+costf+cos y), (6/3)(sin a+sin/?+sin y) 
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and is the point of trisection nearer to the cirenmeentro of the line 
joining the circiuneentre, the first co-ordinate of the ortho-centre is 
3(a/3)(eos a + cos /? + cos y)-2 { (n'—K 1 ) 4a } 

(cos a+cos /? + cos y + cos 5 ), 

that is, 

{ (<r+6 8 ) 2 a } (cos a-f cos /? + cos y)— { (a ? — 1 » 5 ) 2 a } cos 5, 
and the second co-ordinate of the ortho-centre is 

{ (b-+ a’)'26 } (sin a + sin/?+siny)- { 6 *—o*) 2 b } sin 5 ; 
tficse expressions also are given by 11 olstenholnie in the problem quoted- 

The above solution of Q. G52 depends on the snme equation as that 
given by Mr. K. lb Madhava on p. 110; the principal difference is that 
instead of referring to the complete equations we observe only certain 
coefficients which are sufficient for our purpose ; there is a slight differ¬ 
ence also in the fact that the form required for the square of the radius 
is exhibited as natural and not as an artificial transformation. 


Question 655. 

(A. NaRASISC.a Rao) Solve for / from the relation 

f(x) = a./(*+/?), 

a nnd fi being any constants 

A curve and its nth. evolute are similar. Find the intrinsic equation 
of the curve. 

Solution by N. Durairajan. 

In similar polygons the ratios of corresponding sides are equal, 
and angles at corresponding points are equal. Considering the curves to 
bo limits of polygons of an infinite number of sides, we see that at 
corresponding points, 

(i) ds : ds' = const., (ii) 180°— 5 *P = 180°—Sip. 
pip' = const.; and ip = ip' + /? (/? being a constant). 

For inversely similar figures, 

p / p '= const.; and ip+ip' =/? • 

Let p ~ f(40> /<>=ff(40 bo equations to the two curves. If tho 
point ipi on tho first corresponds to the point ipj on tho second, then 

PJP . = 

/0k+/?)=M4*)- 

The condition of similarity is that the functions / and g should bo 
related in such a manner as to permit of the constants fchnd/? being so 
chosen as to have / (ip,+/?)=M 4 j,) for all values of tp,. 
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In the ease of a enrve and its n ,h evolntc : let p=f (>1/ be the 
curve. The first normal being at point ‘ a,’ the radius of curvature of 
the n lh evolute is 

[ ( 4 ) 

when 4*=a. 

But the inclination of the tangent there isa + uJ*!. 

The equation of the n lh evolute is p=J iH> ^ij> — 

The condition of similarity is 

*r (+-»!) =/(+-»!+/?) 

aud lor inversely similar curves 

*p (+-»!) =/(+-!+/?)■ 

Ilonce we have to solve equations of the type 

{•£) •/(*) = a/(±*+/?) 

Writing j =f(x) 

0 d 

JtJ 


( 1 ) 


t.e. 


dx 

D’^ae/* 13 whore D=-l 

dx 

This is a transcendental equation and is not in genoi'al solvable. 
Ono solvable case is got by assuming /3 =0, so that 

D"r=a =a" say. 

If n = 2m, the primitive is (Forsyth : Differential Equations.) 

y—Ce~ ax +Ve ax 

7/1—1 

+ e ax cos — l-osoo: sin — +B, simusin r% j. 

Zj ^ »‘L m m J 


! Question 68o. 

(B. Vythy>athah\vamy)I:—I f *7,7/1, m...\ are all positive integers, find 
the greatest value of 

tc-f Tny+ur-f... 

subject to the condition 
, x+y+z+.,.=\, 

x, y,s...being zero or positive iutegors. 
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Solution by A. Surasinga liao, D. Ji. Karce and 
J[. K. Chakrabuity, B. Sc. 

Let the coetlicieuts arranged in the order of descending magnitude 
be /, in, »...Then the maxima Value is obviously IV. Tor 

Z\ —(i.c+wty +...) 

= l(.c+y + z...) — {U+iny...) 

= y(l—m) + :(l —>•)+... 

which is an essentially positive quantity, since l>m>n,... 

In the same way, we may show flint the minimum value of this 
function is / V where r is the least of the quantities l, m, n... 

Question 742. 

(MartyN M. Tiiosu>, M.A.) Show that a curve and all its pedals, 
positive and negative, have the same potential, at the pedal origin. 

Solution by K. D. Madhaca. 

Evidently the proposer has in view the law of tlie inverse square J 
and with that assumption, consider the potential V at any point 0 for a 
thiii uniform bar of small cross section k and mean density p. 

Then V = y kp j*, 

j-lT-11 ,/0 
= y* /°J A sin 6 

, . . OA13 QUA 

= y kp log cot — 5 - cot 

M “ 

Now lot ABCD...NA be any closed polygon of any number of sides 
with no reentrant angles, and let A' H\..N' A" be its • pedal polygon 
with respect to the origin 0 . 

Then the total potential V of tho polygon ABC...NA 

, . . OAB . . OBA 

= y kp log cot —cot — 


, . , OBC UCB _ 

=y kp log cot -g- °ot — t~ + 


# • • 


/ UAH ,OBA . OBC , OCB \ 

— y kp log ( cot cot — cot -g- cot -g-M. ) 

= y kp log ( cot °"— cot -g- cot -g- cot -g— 

=V of the • pedal polygon. 1 («■ Minehin p. 310.) 

Indefinitely increasing the unmber of sides of the polygon which in 
the limit becomes a carve, wo have the theorem stated ,n *1» 
for the positive pedals. Considering any of these positive pedals as tho 
original-curve we see how to extend the theorem for all pedals, positive 

or negative. 
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Question 691. 

(A- Nabasi^Ga Kao) :—A marble slab of » pounds breaks into k 
pieces with which a tradesman finds himself able to weigh goods from 
1 to n i>ounds (fractions excluded). Show that the le;ist value of k is 
the smallest integer satisfying the relation 3* >2»+I. 

What are the weights of the several pieces ? 

Solution by N. Dtiraimjan. 

Leta,a J ...a fc be the h pieces, so that a,4-w J +...u, = «. Also the 
weights may be put simultaneously in both scales if necessary. Now 

consider the product P=(l+x ai +a’^)(l+;e a 9 +;r fl %.(l+. l ?*.f jr fl *) 

(1) This product has coelhcicnt of x r =coeflicient of j r r , as is 
seou by changing x into xr l ; 

(2) The indices represcut all possible combinations of 
either additively or sabtrnctively; 

(3) The coefficients of all terms are positive integers > unity. 

Hpnce P=l+Ep r (af+ar r ) ... ... ... ... (1) 

Now, if a,...a* be the k pieces with which we can weigh out 1 to 
n lbs., r in (1) has all values from 1 to »*. 

» 

lienee 

.1 

When x=l, loft side =3 ,; ; and since jt,> an. light side is > l + 2». 

Thus 3*>2i»+l. 

This is a nocessary condition. In the critical case 3*=2w+l» 

= und 

(l+x ai +x' a ')..._ l+x+...x v ‘ 

P “ jjn+...ak x n * 

.*. P (l+* fll +a!'‘ ,, ) = 1 + ;,: +- a:3, ” 1= ( 1+ ‘ e + ,6, )( 1+ * 69 +®*)- 

Thus, if u, be the least of the k quantities a x „,a k , a,=l, u a =3, 
a, =3*, etc.. 

In other words, the k pieces are 1,3, 9, 27...etc. 

When,2» + 1 is not an exact power of 3, the problem of finding the 
values oi>Oi...a k is indeterminate, but the least value of k is such that 

3*>2n+l. 

For example, take the caso i»=44 Tko value of k boro is k-b. 
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In this case the tivo weights may cither be 

1 , 3 , 9 , 27 , 4 
1 , 3 , 9 , 26 , 5 . 

The reason is that it is possible to choose i>\...pie so that (j>k > 1) 

44 

•+I>* (x L +jr h ) may bo the product of live factors of tho form 

1 

(l I 




Question 702 (ii). 
(Maktts M. Thomas) Prove that 


00 


(ii) | sin a: log | cos x | = vlog 

o 

Additional Solution by K. B. Madhava. 

More generally, let /(t) bo an odd function of fc and consider tho integral 


| f (siu *)"~ 


• • • 


... ( 1 ) 


Splitting up tho interval into parts, 

f =1 +1 + + ••• * 

O J 0‘ *\tt * It 

Now in the second interval put y — n x. 

third z=x “tt ... ... 

fourth u=2if—* and so on. 

00 5 ,5 

rhi.s J / (sin *)y= / 2 /(sin z) ® /(»'■> *) 

TT 


... ( 2 ) 


•te 


(A) 


Ml 


=/ 2 * 3in G-G=5 + .T«)-1 + " M 


o 

71 


- j 2 y(aiu a.) cosec x dx. 


Thus if both integrals arc convergent, and / is an odd function w# 
shall have 


J%( B in«)£=j 2 /( 8 iu,)*L 

o w 
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This convert. 1 ? the infinite range into ft finite range, and all the 
expressions involved are circular functions, and often it will be found 
easier to evatnate the right hand side. 

In this particular example, the transformation (A) leaves the func¬ 
tion unaltered, except that the cos z changing sign, its logarithm intro¬ 
duces some infinities. To avoid this we put the modulus sign before cos x 
nnd read the question as written at the top of this paper. 

The question therefore reduces to 
co 


I 


sin z log I cos x I — 

x 


o 

IT 

= I “ sin,® log | cos X | cosec x tlx. 
J o 

■7T 

= j ^ log | cos X | dx. 


=T lo * *• 

1 

V 2 


“tr log (Tide: Bromwich : App. III.Exs. 11,121. 


Question 724. 

(S. Ramanujan) :—Show that 

(0 tftn-1 a - ..Vo + * nn ~ l o~.»«to H ,orm8 


=tan _ * 


2»+l 

1 


2»+3 


2«+5 


i+2r +ta “" i+W> +t “”" rFM-+- t0 " termB i 


(ii) ten ''(2S+W3 +tO ”' , (2H+W3 + " t0 ” term ’ 


=tan“* * 


.-1 1 1 ±--,-1 1 


(V3) !+taI ‘"(3V3r' +t ' inJ (5 # + "- t0 " tcrms - 
Solution by K. B. Madhava. 

The question is wrongly printed; the first part ought to read as 
follows. 

Show that 


(i) 


t “' J 2^ri +t '‘ n ' , &T3 +to,1 ' , 2iX5 + -' 0 " terms 


=tan -1 


tan 


+tan 


-1 


1+21*' 3(14-2-3 1 ) 5(1+2 5’) 


— + ...to n terms ; 
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The results ran bo established easily by Mathematical Induction; 
for, assuming it to be true for >/, we shall prove it for »-f 1 ; when we 


have 




tan -1 —— , + tan -1 * , [n+1 terras in number] 
4n 4- i 4» + 3 

rrS_-f tan - '—4-tan -1 —L_ — tan- 1 -—L- 
" 4?i-J- 1 4» + 3 2*4-1 


Hut 


♦ a n-*—L- + tan- 1 -- 1 -- = t a n-'— 4 " ■?* 2 


4 n 4 -1 


i_= tan - — - 

4*4-3 ‘ 8 f»'+ 8 »+r 


anti 


t an - *—— tan - '—i—=tan -1 —- - - 

8n*+8« + l 2»i+ 1 (2 m-h1)(8»* + 8m+3) 

=tan - '--- 


(2»+l)[l+2-(2»+l)»]’ 

which is exactly the term to he newly added on the right side. 

And to complete the proof, wo can prove the result true for the 
first few cases. 

When n = l ; tan” 1 2=tan -1 1. 

3 3 

When w=2; tan -1 --f tnn~ l l = tan~* 

5 7 17 


tan -1 -4-tan - ’ -L=tnn - ' 

3 57 17 


(ii) Similarly with the second result. 

With analogous notation and method, S M+ , differs from S M by 

tan -1 —-—-4-tan - ’-———tan -1 ——^- , 

(4«4-l)V3 (4 n 4-3)V3 (2»4-l)V3 

(2»+l)V3 _1_ 

IW+12W+2 (2»+l)V8 

= tan -1 _-1__ 

V3 (2»4-l)(12»*4-12»+iT) 

=tftn “' IVn+im* 

which is precisely the term to be added when n is increased by unity. 

The first few cases when »»=1, 2 oto, being easily vorified as beforo 
the proof by Induction is complete. 
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Question 729. 

(K. Padmanaiuiulp, B.A.) :—If the earth were to break np into an 
indefinite number of fragments at any point in its course round the sun 
by any sadden explosion, prove that all the fragments meet again at the 
same point; and that at the middle of the interval between the explo¬ 
sion and junction all the pieces will be moving with equal velocities in 
parallel directions. 


Solution by Martyn M. Thomas. 


When the explosion takes place, the fragments are all scattered in 
different directions with an equal velocity, say t\ 

They describe elliptic paths with the sun at one foens. 


( 2 K 

- — J shows that v, ji, r being the same for 
all these paths, a also must be the same. 

« 

Thns the periodic time which is a 2 is also the samo for all the 

V/A 

paths. 


Hence the fragments will again pass through the point at which the 

2 n 3 

explosion took place, after the.lapse of time 

V a 


At the middle of the interval between explosion and junction, the 
several fragments will be situated at the diametrically opposite points 
of their respective orbits, and must be moving with the samo velocity v, 
but in directions opposite and parallel to their initial directions 
Hence tho theorem. 


Question 736. 

(R. SnixiVASAx, M.A.):—Show that tho common tangent to tho 
nino-point and inscribed circle of the triangle ABC cuts the sides 
a, b, c in the ratios 

q —b b—c 0—a 
a—o b—a c—b' 

Solution by K. V. A. Saetri, B.A., M. M. Thomas, K: B. Madhava, 

V. Anantaraman and K. Appukuttan Brady , M.A. 

Tho equation of the radical axis of two circles is 

W-tfix +(<1*—I* t)y + (t 3 '-t a *): =0, 

where tho 1 1 are the lengths of tho tangents from the vertices to the 
two circles. (See Milne : Homogeneous Co-ordinates, p. 111.) 

25 




lint, Tor 1 lie* nine-point circle ami the incircle, the radical axis is, by 
Feuerbach's theorem, the common tangent. Hence its equation is 


pc COS A , y 

1 * + | ca cos _ P -(«-l.)* 1 

L 2 K ] 

~ L 2 v 


+ |-a6^sC_ (s — c ),] := o, 


which reduces to 


—h H—~-0; 

b—c c —a a—b 


hence it cuts the sides of the triangle in the ratios 

a—b b—c t c—a 
a —c 6—a c — b ’ 

as given in the problem. 

Additional Solutions by It. D. Karve, S. V. Venkatarayasastri, 
-If. K. Kewalrnmani, M.A., and Chat. Saldanha. 


Question 743. 

(N. Sai.va) :—Prove the following construction for the Fenerbnch- 
point: 

If AJ meet the circnmcircle in P and P' be tho reflection of P in 
PC, then the Feuerbach-point F is the reflection of D in IP', where D 
is the point of contact of the incircle and PC. 

Solution by K. J. Snnjana. 

Draw NX the radius of the nine-point circle perpendicular to BC ; 
then X corresponds to I) in tho incircle, and XI) (like NI) will go 
through F, the external centre of similitude. Draw IK perpendicular 
to DF to meet in P the line PL perpendicular to PC. 




Then ZPPT=ZDIR = ZRDQ = ZLDX. also ZP1»I = ZIAQ= 
UC-I1), and ZDLX=ZDFQ = | ZLFQ=J (C-B) from the nine-point 
circle. Thus the As P'lP and XL1) are similar, and PP': PI=LD : LX. 

i\owPI=2R9in4;LD = i(c~fe)=2Rsin^6i n ?“ B ; and LX = 

Q _ 

R sin —— , from the nine-point circle- Thus, wo get 


PP'=4Rsin J -£=2PL. 

so that I y is the reflection of P in BC. Hence the theorem. 

It will similarly he found that the point of contact of the nine- 
point with the first scribed circle is the reflection in P'lj of Dj, the point 
of contact of the ex-circle with BC. 


Question 744. 

(N. Sai.va) If A BCD, AB' CD' he two harmonic ranges, such that 
D' is the midpoint of CD, prove that BC J = BB'.BD. 

Solution by Lakehmiahankar Bliatt and K. J. Sanjana. 

Referring to A as origin, let B, C, D be denoted by x t) % respec¬ 
tively, so that 2 x, x 3 =x t (*i+x 3 )...(i) 

Now D' will be (xj-fx,), so that if AB'=y 
2 y-i (-c > +-c 3 )=-t. { } , 

or y=(x?+x i Xj)/2x 3 . 

Hence y(x 5 -x,) = ~ |+*A*—j. 

= 2*T {^(^ + ^"^)” iF *(2 x « i8 *"" a: r c ») J , from (0 

= |{ xj+x, x 3 —x t x l - 2 x.j x,l+ x,* } 

= { 2x\—3x, x,+‘ic,Xj— x. x, } , from (i) 

=x, 1 — 2 x v x,-f x,x, 

=(-c 1 -x,) , +x I (x 4 -x l ); 
thus finally (*,—Xi) J =(x s —x,)(y—x,) 

or BC*=BD.BB'. 

There is a slight mistake in the example as originally given. 
AdditunuL Solidiuii by S. V. Vcnkatachala Iyer. 
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Question 745 

(V. Anantaraman) :—llow can *19 diamonds whose values arc in 
A. P., he divided among 7 persons so that each may get the same num¬ 
ber of diamonds, the total value of the diamonds got by each being the 
same. 

Solution by It- V. Karve , S. Yenkalaraya Sastri , 

S. V. Vekatachala Iyer ond others. * 

Let the values of the diamonds be denoted respectively by 

u + i/, u+2</,.u+49i/. 

Then the total value of the diamonds that each of the 7 persons 
should get is denoted by 7</-f 175</. 

The question thus reduces to selecting 7 groups of 7 numbers each, 
from the numbers 1 to 49 so that the sum of each group may bo 175. 
This may be done by taking the groups of numbers, cither along the 
rows or along the columns in a magic square tilled with numbers 1 to 
49 as represented below. 


j 30 

39 

48 

1 

10 

19 

28 

1 38 

1 

47 

7 

9 

18 

27 

29 

46 

6 

8 

17 

26 

35 

37 

5 

14 

16 

25 

34 

36 

45 

| 13 

15 

24 

33 

42 

44 

4 

21 

23 

32 

41 

43 

3 

12 

yo 

*• M 

31 

40 

49 

1 

2 

1 

11 

20 


Question 758. 

(S. Mai.hari Kao, B. A.):—If the integers x, y, s represent tho sides 
of a right-angled triangle ; and x, z, are primes greater than 5, show 
that y is a multiple of 60; and that a-f 3 = 1800, when y — 1740. 

Solution ( 1 ) by K. Appukuttan Eroily, M.A. and ‘ Q *; 

(2) by K. J. Sanjana , M.A. and"It, I). Karve , M.A. 

(1) We have aj , +y , =ji*. 

i0 , =s , -y , =(fl+y)( 0-y). 


• • 
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Hence since x is prime 

z—y — 1 and z-\-y=s?. 

Thus when j/ = 1740,,s = 1741,•x*=3481, x=59 and*x+5 = 1800. 

Again since :—y = l and z+y=x > ,'2y=x l —l. 

Now x being prime, x —1 & x-f 1 are two consecutive even numbers 

1 contains 8 as a factor. 

Since (x— 1) x (x-f 1) contains 3 as a factor, and x is prime* x 1 — !• 
contains 3 as a factor. 

Again («— 2)(x—l)x(x+l)(a;+2) is divisible by 5; but *•—4=2y 
—3=25—5, and 5 is a prime greater than 5 ; 

.c*—1 contains 5 as a factor. 

Hence x 3 —1 contains 8x3x5‘ as a’factor. That is y is multiplo 
of 60. 

(2) Evidently z, y, z must be of the form 

to*—»**, 2 mu, m*-f » a 

Since x and c are primes, y is of the form 2m» and x, z of the 
forms m 1 —u 1 and m*-f » a , and 

=(/«.*+ a 1 ) 1 —(m*—a*) 1 . 

Now (//»’+»**)’—1 and (m*—»»*)*—1 are ouch divisible by 3 by 
Fermat’s Theorem. Hence their difference (the right hand sido above) 
is divisible by 3, 

2»i» is divisible by 3. 

Again all primes (>2) boing'of the form 4&±1, their squares have 
the form 8p+1 and the difference of squares of primes is therefore divisi¬ 
ble by 8, 

(2mu) 1 is divisible by 8 and hence by 16 being a square, 

2mu is divisible by 4. 

Also all squares aro^f the forms 5fc, or 5A±1. Hence cither m 1 or n 1 
must be of the form 5A-, otherwise either m*-f n* ; or m *—u* would be 
composite. Hence 2m» is divisible by 5. 

Thus 2m» is a multiple of 3x4x 5 or 60. 

Again, if y = l740, 2mu = 1740, and mu =870. Obviously, siuco 
m 1 —u*t.e. ( m+n)(in—n ) is to be a prime, m—n must be 1. 

Hence m=30 and u=29, and *+ s— 2m*=1800. 
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QUESTIONS FOR SOLUTION- 

789- (K. J. San tana, M. A.) P, Q, It, S are four conormal points 

on an ellipse whose centre is C and axes 2 a and 26, O being the point 
of concurrence of tlie normals. If x r , y r (r = 1, 2, 3, 4) denote the centres 
of the circles Q R S, P R S, P Q S, P Q R respectively, prove that 
Lc = the abscissa of O, Iy = thc ordinate of O, and that each centre lies 
on an ellipse whose centre is at the mid point of CO and whose axes are 

u’—6* 6* 

2a * 26 ' 

[Suggested by Mr. Neville’s Question No. 788.] 


790- (K- J- Sanmana, M. A.) :—Integrate the equation 

(a- + x 1 ) + 2(w + 1 )x + in (m + 1 )y =/(*). 

ax' tlx 

[Two particular integrals when f(x) is absent are 



e~ aa 


sin .xz.z" 1 - 1 dr.] 


791. (K. Ai’PUKUttan Brady, M.A.) : —The centres of three circles 
of radii a, 6, c form a triangle of sides /, m, n and area A. If (r, r,'), 
(r,, r',) (r g , r,') and (r„ r/), be the radii of the fonr pairs of circles tan¬ 
gential to the three circles (the circles belonging to any pair being 
inverses of each other with rcspoct to the common orthogonal circle of 
the three original circles), show that 


1 1 11 

r, rj' r % r ./ r t r, r t ‘ 


ItKA’-LPP 1 ) 

” EP(a*—6*) (a*—c’) -XtuV( 6*+c’) + laH'+PmW 


792- (K. ArrUKUTTAK Ekadv, M.A.):—With the usual notation in 
elliptic functions , show that if o. + /?+y+& = 0, 

(1) &'* (sii a sn /?—in y sn S) 

= cn a cn /3 iln y dug—cu y cu 5 dn a du /?; 

(2) cn a cn /?—cn y cn § = 

sn a sn /? dn y du sn y sn 5 dn a dn d ; 


(3) — (du a dn dn y du 5) 

K 

= sn a sn /? cn y cn $—sn y sn Jicn a cn J3. 

793. (Martin M. Tuomas, M. A.):—Two stars riso togethor, and 
arc ubsorved to como simultaneously over a vortical X degroos wost of 
the moridiau. Show that they must huvo riseu^ cos* 1 (^eiu’X) hour* 
before; and that the latitude of the place is tan” 1 (sin\). 
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794- (Mart™ M. Tiiouas, M.A.) 1 The plane 1 + 1 -f I =\ 

ale 

moves in such a manner that the centroid of the triangle ABC always 
lies on the surface a'- 5 + J r 1 +~’=9 > A, B, C being the points where the 
plane meets the rectangular axes of co-crdinates. Prove that the Nine- 
points centre of ABC will lie on the surface 

zV4^-l +y + zViPITl+2(a*+y , +c») = 1. 

795- (V. M. Gaitoxde) Prove that 

, a n '^-t-4sin^ =VIT 


796- (M. K. Kewalrauaxi, M.A.)Prove that 
Lt r <P" 

-n I 


*=0 L dx™ 


cot x 1 *J=(—l)"(2n) 


^ x cot x ^ 


t 


797- (K. S. Karpuo) If two sides of a given polygon touch each 
a fixed circle, prove that the remaining sides also touch eaoh a fixed 
circle. 


798- (S. Senoopaiyan) Establish the identity 

S(n, >) = n r -c r -rwc,_,S(fi —l)+»,- a c r _,S(n-/+l, 2) 

— + l) r S(n — l, r), 

where Up denotes «(»*—l)...(n—J>+1), c p denotes the number of 
combinations of n things p together, and S(»,«/) denotes the sum of the 
products of the first x natural numbers y at a time. 


799. (S. Malhaki Rao.) Find three primes in A. P. such that, 

the sum of their squares is 35427. 0 ( <-7 

800. (S. M ai.kari Rao.) : — Shew that the sum of all fractions 

which may be represented by a recurring decimal of the form {.'abed) 
is 50, provided a+c=b+d=9. 


801- (S. Kribhnaswami Aitakuar) :— 

Ktt rjtt 

If a n =l—£_+__ L + 

S1 t 5 ! 7 ^ 

and -t„= 

21 4! 6 ! 

prove that 

(0 a„+o, J+1 log p+a„J^LPy+ a , 1+a QlUPY 


2! 

_on 


3! 


+ . 
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(ii) sin (t +e“ ) 
rc 


\>J , lx v ' 

~ UJ | a »>>&..+'"£*«*.!-A*+.+"«&!« j2n! 

802 (S. Krisiisaswami Aitanv.ar) Prove that 

(i) y f r (”+i)VI= 4 ( f -yf«) 

’ Zj \r(„+3 )j-» W-tt ' / 


X 


1 r(n + i) 


<“> 2 r£ 


i 


M=0 


r(n + 1) (2//I + 2n +1 )(m + N +1) 

_ — r r ( n, +')_ 2 r ( w »+ i )") 

lr(m + l) T(m+ ;.) J 


803 (Sr.i.r.CTRD) :—Prove that the Rectangular Hyperbola 
•e’ — y'— 4ax cos 1 * a + 4<jy sin a +3<i* cos 2a =0 osculates its envelope. 

804 (8ei ECTri*) :—In the curve whose intrinsic equation is 
~—<i sec. 3Jj, show flint the rectanglo under the distances of any point 
from the foci of the osculating conic is constant. 

805 (B. H. Neviu.e) .— With the notation of Questions 412 and 
701, but allowing the angles a, /? to be variable, show that the'necessary 
and sufficient condition for the current point of the a—evolnte of the 
/?—evolute to be the current point of the /?— evoluto of the a—evoluto 
is that either a or /? is a right angle or that the difference between 
a and J3 is constant. 


806- (S. Naratana Aivar, M. A.) Demonstrate the following :— 

fit d ["(•« +a )_P(g-f <0 | a—b_ , (a—b)(a—b — 1 ) 
dx T'(x+/«) l\x+l>y (.x +b '(*+ 6 )(*+h-fl) 

( a- 6 ) (a -b - 1 ) (a-b- 2 ) _ ^ 

a (a+6)(*+6+l)(*+&+2) "j 


f -21 d r(a— a)_r(a—a») ( b—a 

dx T( 6 —«) l'( 6 —x)* (.a—. t —1 


_.i (b-a)(b- a+l) A (b-a)( 6 -a + l)(b-a + 2) "I 

(a— x— l)(n—*—2) J (a— x— l)(a— x— 2)(<i —x — 3) ) 


807- (F. H. iV. Gut.AsrKARAN) :—Construct a trapezium having 
given the lengths of diagonals and the obliquo sides. 
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PROGRESS REPORT. 

The following gentlemen have been elected members 

1 * Mr - Ktralal R. Kapadia, B.A.— Asst. Teacher, 1)1,atm High 
School, 43, Navi Chawl, Bhagatwadi, Blmleshwar, Bombay (at conces¬ 
sional rate); 

2. .hr. A. Gurumurli, B.A., L. T. —Head Master, Board High 
School, Kavali (Nolloro District.) 

2. Tho attention of the members of the Society is drawn to the 
fact that all arrangements arc being completed for holding tho proposed 
meeting of the Society at Madras on 26th, 27th and 28th of December 
1916. The detailed programme for this will be posted to our members 
shortly and the Committee most earnestly expects that the members 
will try their utmost to uiftko this mooting & success. 

3. The Calcutta University Calendar , Tart 1 for 1916 has boon 

received for the Library. ° 


’Poona, 
30th Nov. 1916 


J 


D. 1). Kapadia, 
Hon. Joint Secretary. 
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The Homographic Function as an Operator 

Bt K. Vtthynathaswamy. 

[References : Forsyth -.—Theory of Functions of a Complex Variable, 

Chi. XIX, XXI]. 

9 *• 

The most general algebraical one-to-one correspondence between 
points on a line is given by the transformation 

, o/.x 

X =b(*) = ——• 
cz+d 

The tunction S may be regarded ns an operation which carries the 
point x to the point If S„ S 4 are to operations of this form, S*(S,) 
i9 an operation of the same form ; so that, the totality of these opera- 
tions forms a • group/ very'.operation S has a unique inverse operation 
of the same form, so that if x'=S(x), we may write * = S-(»). 1 he 

identical operation of tho gronp (corresponding to the transformation 
S(.e) = x, may be denoted by the symbol 1. 

If S'= 1, then S is an involution. 

]f S is not the identical transformation, the equation S(x)=x, 
determines two points which are the fixed paints of S. Evidently these 
will also be the fixed points of any power of S or its inverse. 

Theorem ( 1 ) : // a correspondence carries two distinct points into each 
other,,it is an involution. 

Let x = S(y), and j/=S(x). 

Then x = S{y) = S\x). 

Since x, y arc distinct, * is not a fixed point of S and therefore not 
a fixed point of S*. 

S a = l identically ; 

* e S is an involution. 

Theorem (2) : If I and SI be both involutions then IS is an involution 

and I contains the fixed\points of S. 

For we have 1 (Sl)* = l- 
- t -. & SISI=1. 

ISISIsI. 

(IS)*I=I. 

(IS)* = 1. 

Hence IS is an involntion, (More generally if S„ S, is an involution 
S, S, is'alRo an involution. See § II, below.) 

Also if /„ f, he the fixed points of S 

(SI)Mi 

SI(M=I J S- (f l )=IS-‘(fr)=H<.) 

Hence I(fi) is a fixed point of S. 
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Now if I(f,) were equal to f, so that #j, f 2 are the fixed points of I, 
then the fixed points of both SI and IS would be f,, t,. Hence, since 
these are involutions SI=IS. 

S*=SI.IS=SISI = (SI)*=1. 

•*. S is an involution 

Excluding this case, we have I(fj) = r, or 1 contains the puir of fixed 
points of S. 

Cor. Conversely if I be an involution containing tin; fixed points of S, 
S I is an involution. 

For SI(f,)=S(f a )=f 3 

and SI(fj) = S(f,) = f,. 

lienee by Theorem (1) SI is an involution. 

Combiniug the theorem and the Corollary we see that the corre¬ 
spondence S J cau be exhibited in an infinite number of waysas the pro¬ 
duct of two involutions SI and IS. Wo shall presently shew that any 
correspondence can be exhibited as a square so that this result is 
general. 

Theorem (3) : If two correspondences S, S 2 an per mutable, either they 
have tin: same fixed points, or each of them is an involution containing the 
fixed prrints of the other. 

Let tj, t, he the fixed points of S a . Since S„ S a are pormutable by 
hypothesis, we have 

S,S.(/|)=S.jS,(fj) 

Si(M =S 1 S 1 (t,) l 

so that Si(f,) is a fixed points of S 2 . 

Heuce, either &,(/,) = f, and S,?ti)=f a 
or S,(f,) =f 3 and = /,. 

In the formor case, S, and S, have the same fixed points. In the 
latter case, S| is an involution containing the fixed points of S 2 . Siuce 
we might have assumed /„ f, to be the fixed points of S, instead of S,, 
it follows simultaneously that S 2 is an involution containing the fixed 
points of Si. We further note that in this oasc S, S, (=S a S,)isan 
involution and contains the fixed points of both S, und S., so flint S 
SiS-i are three involutions each of which is determined by the fixed points of 
the other two. 

For S,S, (f I )=S,(f I )=f„ 

and S,S, (f l )=S 1 (f,)=f 1 . 

Hence by Theorem (1) S, S s is an involution evidently containing 
the fixed points of both S, and S* 
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Cor. (1): The converse of the theorem is trne. That of the first 
part is proved under Theorem (5) below. We prove here the converse 
ot i lie second pint. viz. Two involutions each containing the fixed points of 
Or: iilht ’ ace penmitable and their product is the involution containing their 

lij'td i oints. 


For if I„ L he the two involutions, the eqnation I,I 2 = I a I, is true 
for each of the fixed points of I, and I,. Now, if S(a:) = S(j:) for three 
distinct values of x, then S=S, identically. 

Hence 1,1,= 1,1, 


From this it is easy to see that three involutions whose product 
is unity would bo represented in the plane by the sides of a triangle self- 
conjugate w r. t the fundamental conic. (Seo Note on Involution and 
(1, 1) correspondence J.I.M.S., February 1916). 

As an example consider the involutions 

• 1 = («i "a, <*<), I, = (a, a,, a, a,), I s = (o, a 4 , u, a,) 

It is at once verified that I, I, I 9 = l. 

Hence tin- harmonic triangle of an inscribed quadrangle is self-conju- 

gate. 

Cor. (2) : I) the pro<luct of three involutions 7„ 7„ 7, is an involution I, 
then all the f<ur involutions have u common pair. 

For 1,. I, l, = I = an involution. 


I, contains the fixed points of 1,1, (Theorem (2)) 

Now the pair of fixed points of the product of,two involutions is 
simply their common pair. Hence I„ I„ I, have a common pair. Evi¬ 
dently, 1 also contains this pair. 


Them: in (4). If S be a correspondence and p, q any two points , the 
nvnlulwn J^[p. S(,/) ; S(p)] always contains the fixed points of S. 

I' 01 ' and IS (q)=p. 

Hence by J licorom (1) IS is an involution 

1 contains the fixed points of S (Th. 2). 


Cor. Lot S_ % r ¥ ) i.s. Let S carry p, q , r respectively into 

p q r. From the present theorem we seo that the involution I, = (^g' t 

J> q)> Ii = (?'•. q •) F, = (rp, rp) have a common pair, viz. the pair of fixed 
points of 


Tlii, i» evident otherwise. For, I,I,I.0)=^and I, I, I, (»■)=„. 
Jlenoe IjLI* is nu involution. 

••• 1,1,1, have a common pair [Th. (8). Cor. 2]. Transforming, this 
result to the plane wo havo Brianohou’s theorem. 
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Theorem (5). If tico correspondences have the same fixed points they are 
permutuble. 

Let S„ S, be the two correspondences. 

Let a= 1 =S I (*) > a^=S,(ar 1 ), * 8 =S t (*), x^Sfa) ; 

so that Sj ^<)and S. is^ * ^ 

By Theorem (4) the involutions (*,*,, xz), (*,*,, xxf) contain the 
fixed points of Sj and S, respectively. If these fixed points are the 
same, the involutions become identical since they have another common 
pair ZjZi. 

Hence a' =*,. i.e. S,S,(*) =S s S,(*). 

Thus S„ S, are permutable. 

§H. 

The parameter of a correspondence. The fixed points may be supposed 
to define the position of the correspondence in the line. We now proceed 
to find a function which is an appropriate quantitative measure of a 
correspondence S; t.e., which satisfies the relation 

/($")={/( S)}’\ 

By a well-known theorem in the Theory of Linear Transformation 
the determinant of the matrix of S" is the n ,h power of the determinant 
of the matrix of S. But the difficulty in taking A the determinant 

° f S ( = S+!) f ° r ° Qr funotioD > i3 that A depends on the absolute 
values of abed, while S depends only on their ratios. 

Let S be reduced to the form so that the fixed points are ±t. 

Lot S' be another correspondence having the same fixed points, so that 


Let 


S'(ai) 

proa ' s - *"*** 1 

x+V 

Then k" =S"( oo) = S'S(co )=S'(fc) = 

h k 


• • 


w+t\ 


k+t 


..*"+(_f+a + t 

WWy 


Hence if - be termed the parameter of S (called ‘ multiplier ’ 

by Forsyth) we have the theorem 

The parameter of the product of two correspondences having the same 
fitted points it the product of their parameters. 
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Hence : if \ be the parameter of S, X M is the parameter of S . 

The parameter X is verified to be the cross-ratio of the fixed points 


of S and any pair of correspondents of S. 


It cau also*bc shewn that the parameter of S ^= is tiie 


ratio 


of the latent roots of the matrix 



i.e., of the roots of the equation 


I a—P b 

I =0. 

|c d-p 

The value of tlie parameter in terms of abed is givon by 

x (a+c/)’-2A + (a+a)V(a+rf) # -4i 

X -2A 

where £\—ad — be. 


It must he noted that the definition of the parameter involves a 
definite order of the fixed points. If this order is changed the parameter 
will be changed into its reciprocal. 

(1) A correspondence is uniquely determined if the fixed points 
and the parameter be known. 

(2) Since X" is the parameter of S" when n is integral, ice may 
define b’\ when n is nut integral, to be the determinate correspondence which 
has the same fixed points as S and whose parameter is X". 

The present theorem then proves that S'". S"=S'" + " for all values 
of m and n. 


If S is givon in the form 


kx+1 * 
x-\-k ' 


tho present theorem gives at once 


_(V‘ +!)• *1+ <3 (X" — 1) { \ — k+t \ 

U (X"— 1)jj+(X"+1) t ’ \ x -k=i) 

for all valuos of n. 


(3) Periodic correspondences. 

A correspondence is said to have a period n, when its n th power is 
tho identical correspondence. The parameter of such a correspondence 
would bo an n ,h root of unity -, (k ( = S(oc )) being infinite for the identi¬ 
cal correspondence, its parameter is 1). The number of correspond¬ 
ences of period n and no smallor period, with given fixed points, is 
equal to the number of integers loss than n and prime to it. The forms 
of those are easily found as well as the condition that a correspondence 
may have the period n. 

( 4 ) Uniparametric correspondences■ 
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This is the class of correspondences which are not periodic but are 
marly periotic. The modulus of the parameter of such a correspondence 
S would be unity an 1 the amplitude won Id be incommensurable with ti 
W hat is meant by saying that S is nearly periodic, is that in integer n 
can always be chosen so that S" is as nearly equal to the identical cor¬ 
respondence as we please As a matter of fact the set of points in a line 
defining segments commensurable with a given segment has every point 
as a limit-point. 

We note that every integral power of a uniparametrie correspond¬ 
ence is uniparametrie and that a correspondence the modulus of whose 
parameter is unity, is uniparametrie unless it is periodic. 

(5) The correspondence .S', -1 SS, is termed the transform of S by S, ; 
and the parameter of any transform of S is equal to the parameter of S. 

Let T = Sr* SS, and let x, y be the fixed points of S. The fixed 
points of T are S, -, (x), S, _1 (y). 

We have, 

parameter of T = cross-ratio { S, _ '(j-), S,' \y), p . S, _1 SS, (p) } 

= cross-ratio { x, y, S,(p), S S,(p) } 

=cross-ratio { x, y, q, S(g) } 


= narameter of S. 

As a corollary it follows that the parameter of S,S 4 (S, and S* not 
having the seme fixed points) is equal to the parameter of S^S,, though 
neither of these would be equal to the product of the parameters of S, 
and S a . [Theorem (2) is an example of this property]. 

For S i S, = S,- l (S,S i )S, = a transform of S,S 2 . 

Hence follows the interesting property : that the parameter of the 
product of a number of correspondences is the same so long as the cyclical 
order of the prodisct is the same. 

§ 111 . 


Sub-groups of the general Homographic Group : 

(1) A continuous sub-group of the general homographic group must 
either consist of all correspondences having the same fixed points, or of all 
correspondences having a single point as one of their fixed points. 

Let S, belorfg to the continuous sub-group K. Then S, ±m, where 
m is an integer belongs to K . If K contains no other correspondence 
with the same fixed points as S„ then K cannot be a continuous sub-group. 
For, we cannot find an integer n so that 

S,"(x) = *+C lx 

i.e., S"=l + 5 (where S, is the parameter of S, and dx and g are 
arbitrarily small). 
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Hence K does not contain the infinitesimal transformation. 

It is easy to see that this necessarily leads to the conclnsion that K 
must contain all corr, spondenccs having the same fixed points as S,. 

[It might appear that this reasoning would fail if S, were 
nniparametric. This exception would not however arise, if we insist 
that a continuous group must contain not merely some but all possible 
infinitesimal transformations i.c., must contain a transformation whioh 
carries a point x into any assigned near point x-\-dx. On this under¬ 
standing it is easy to shew that the group S ,±m (Sj being nnipara- 
nietric) is discontinuous. For, though we can choose n so that S/* is 
an infinitesimal transformation, yet ihoro are an infinite number of 
infinitesimal transformations with the same fixed points, which are not 
expressible in the torm S,"; for example, the infinitesimal periodic 
transformations are not so expressible. As a matter of fact the set 
of points on the unit circle in the Argand diagram, representing the 
parameters of all nniparametric correspondences, is a point-wise 
discontinuous set ; the points of discontinuity (the points whose 
amplitudes are rational multiples of n) forming evidently an enumerable 
aggregate.] 

Lot now, K contain, if possible, a correspondence S a not having the 
same fixed points as Sj. We have to consider two cases:— 

Case I. —S a has both its fixed points different from thoso of Si. 

Repeating the nrgnment above wo shew that every correspondence 
P, having the same fixed points as belongs to K. Hence if P, has the 
same fixed points ns S„ every correspondence of the form (PjP,)* belongs 
to K. 

It can be easily shown that, by properly choosing the parameters 
P, and P„ wo can make (PjPj)' have any two given points as its fixed 
points ; and by properly choosing t we can make it have any parameter 
wo choose ; thus K coincides with tho general homographio group and 
is not a sub-group. 

Tho supposition of Case I is therefore impossible. 

Case II .—Sj has one fixed point, L, common with S u We shew, on 
the same principle as before that, K, if it is to be continuous, must con¬ 
tain all correspondences one of whose fixed points is L. 

Hence tho theorem is proved. 

Wo note that in the first case (when Kcontains no correspondence 
(S a ), K is one—dimensional i.e. the form of its most general infinitesimal 
transformation contains one arbitrary constant. In the latter case K 
is two-dimensional. ' Je 
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(2) The group S~ .S“ R S’is a discontinuous subgroup of 
finite or infinite order according as S is or is not. periodic. 

. There is a remarkable type of a cyclic subgroup of finite order 4. 
This is the group consisting of the identical correspondence and three 
involutions each of which contains the fixed points of the other two 
(Cf. lh. (3)). The existence of this type of groups is closely related to 
(and may in fact be used to prove) the possibility of algebraic solution 
of the general biquadratic. It is fairly certain that this is the only 
possible type of acyclic subgroups of finite order. I have not howev.'r 
seen it proved anywhere. 

§IV. 

The TJieory of Distance. 

(1) The well-known projective definition of distance may be 
stated concisely in terms of a fundamental correspondence S. 

Let the fixed points of S be t t t ; (S is to be neither periodic nor 
umparametric.) 

Let ** p\ ^ 

U 1 3 q ) =s. 

(Note that any two correspondences with the same fixed points can 
be expressed as powers of one another). 

The distance pq may be defined to be the index X. This definition is 
in conformity with our ordinary ideas. 


For if 


f l t t p 


ti U q 


= S , (hen 


*> t, q 

1 

t. U p 


Also if 



then 



<i t t p 

ti t% r 


=s\s/ A =s\+/ A 


80 that Pq+qr=pr m 

Further the parameter of S" is the »'* power of the parameter of S 
»nd therefore tends cither to zero or infinity as n -*». 

Hence S* 0 (*)=f, or where x is any point. 

Thus f, are at an infinite distance from all other points. 

<|WS d . fineJ Wi " b ° ““I'iple-valaed, for W o c. n 
*mays tnd x from the eqnQtion 

S*—lj itC.f 


23 
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where * is the parameter of S. a as thns determined will not in general 

be real. Bat if S is negative 

2ilrn 2fc 


x = 


= a real number. 


log s log( — s) 

For example, if s = —e 0,7T , the distance is multiple-valued to the 
extent of a multiple of 2tT/a. This corresponds to distance on the 

sphere. 

(2) This definition of distance is the most general possible one in 
conformity with our spatial ideas. (Klein.) 

Distance is perceived as something connected with two points, 
which is preserved by a class (C) of homographio transformations which 
are the congruent transformations. The class (C) is a continuous one¬ 
dimensional subgroup of the homographic group. For. (C) is a group 
since if C, and C, severally preserve distance, C,C, preserves distance 
and (C) is continuous and one-dimensional since a unique C belonging to 
(C) can be found to carry any arbitrary point into any other. Henco 
by §111 (1), (0) consists of all correspondences having tho same fixed 

points. • 

If tho C’s be correspondences belonging to C and (pq ) represent 
the distance pq, we have 

Q>CQ>))= { C,(p)C,C(p) } , sinco C t preserves distance 

= { Ci(p)CC,(p) } . since c i an(l C have tlie flame Gxod 
points and are therefore pormutablo 
= { qC(q) } , whatever!} may bo. ... ... (0 

Hence, assuming the fundamental property of distance, viz. 

(pg)+0r)=(* ,r )« wo have 

{J>c”(p) > = { pC(p )> + { c{p)C\p) K.+ { c"-'tp)C"(p) > 

=n{pC(p))bj (i) 

Putting C" = C, in this result, wo easily prove 

{ pC"(p) } =n { pC{p) } for all values of n. 

If { pC(p) } is tho unit of distance, we see that { j>C"(p) } =n ; 
hence, if pq is the unit of distance and 0 is the unique correspondence of (0) 
which carries p to j, any distance LM must be defined as the number », where 
M=0'\L). 

For a proof on different lines see Whitehead’s Universal Algebra, 
Yol. (I), pogo 353. 

Several of the theorems in this paper have analogues in the general 
Linear Transformation. These I shall discuss in a future paper, 
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SHORT NOTES. 

Note on sn, cn, dn of (u,,+u.+ u,). 

Symmetrical results for the expression of sc, cn.dn of (u 1 +u,+ u,) 
in terms of those of u„ «, given by Dr. Glaisher and Prof. Cayley 
are quoted in Whittaker’s Modern .[iialysis, 2nd Edn, Chap. XXII, 
Misc. Ex., 19 and 20. 

The following additional symmetrical forms may be of interest. 

( 1 ) 

sn («i+ u i+« 3 ) = ^» 

Y 

cn (u, + « J +u,) = —, 
dn («i+«i+u 8 ) = ^; 
where X=^ [f?* 

■ z =-pS[§t- w '-«] 

=a4H)] 

=2K4^)1 

= p2j (4r4) 1 ■ 

the summation extending to the suffixes 1, 2, 3. ( _ 

Proof. If Ui+Ui+u 3 +»i=0 wo can deduce ffom Jacobi’s Funda^ 

mental Theta-function formulae that 

[1133] - [3311] + [4422] - [2244] = 0 
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where [1133] means I,(u,). 1I,(u,). I 3 (u 4 ) ; etc. 

the notation I employed f«.r the Theta function corresponding to that of 
Tannery and Jloik followed by Whittaker and Watson in their Modern 
Analysis . 

Hence e, d t .d,—d t d t «,.* 4 + e B .c,— c, Cj = 0, 

or d 1 d i s t . 8l ~-c t .c l -s l s t d,.</ 4 +c a c, = 0. ... (i) 

Similarly d t d 3 8 x .8 t —Cj.c 4 — s s di.d 4 -f-c a c,=.0, ... (ii) 

d 3 d x Sg-g,—c 3 .c t *-<, « 4 dj.d 4 +Cj c 4 = 0. ... (iii) 

Hence, since sn (u a + «*) = — sn n, = — s, 

cn (i*i+u,+ u,)=cni( 4 =c 4 . 
dn (mj + Uj + w,) =dn u l = d i . 

We have from (i), (ii), (iii), 

sn(«i+«» + u,) —cn(u,+u a +u a ) 


c Bf s, $ a rfg, C| c 2 


di d 3 $ m s, d M 
• 

Cl c. 

Cj, S 9 Sg d,, Cg C a 


rfg d 9 $ ti s a d l} 

Cl Cg 

C 2 , f s «J l/j, Cg Cj 

1 

dn (u,+ !«,+«,) 


(l h d x S a , Sg Si c/ a , 

Cg C, 

1 

1 


c/j S a , Cg, Cl c a 


d\ *s> c tl Si Sg c/ 8 


^8 $1, Cf| CgCg 


c/ a f/ a Si, Ci, s a Sg d\ 


( ^i ^a» c a , C 8 Ci 


d 9 d x s„ Cjj Sg s, rf f 



Hence we obtain the'results written down above. 



bn(M I +u 1 +ii,)s= 


R* 


where 


cn(u,+M < +u,) = l T 
dn(uj+«,+*!,) = 


M 

It* 

N. 

R* 


L = IVcAcjtf,—»»* AfcW+Cj 1 d.*+c,*d,*] 

= Ls x c t d ^ t —eje jCgEdjdjtgC, 


-w.[3-(l+ft)*EV+^V] 

M = CiCgC, [<,V-f+ * 8 ’d,*] —Ic, VsV* a 

= c iCtC.tEfi 1 —-a- Eei»A*A + i 
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N = ,‘s,’+c,V-f c 3 5 5, : ] — Fd, CjSjCjfj. 

= — £*i*«t*] — !•«/ iC.5 a C 5 S ; + A-’SjJjfjEfjrf.jCjCj 

R = 8'CiJ* + Sj'Cj’J, 5 -f- ifci'd? — £s l C l d l $ i C i d i 

tbc summation referring to the suffixes 1, 2, 3. 

1‘roof. Suppose U|+u t +u 4 +u 4 =0, 

Then either from Jacobi’s Fundamental Theta-function formulae, 
or from the relations 

ff|C 4 _+f|C, SjCj+fjC. _ 0 

A + A d s +d t 

and »iCi—* ic, . f,c,-s 3 c , _ 0 

</,—1/ 4 T " 

we obtain Cl d t «<+f|4 a .c«+«*c l .<7«+f a c/i 1 sO; 

similarly c^ 9 .t l +s^ l .c i +s e ,c,.c/ l +s 1 c 4 <ij=0, 

C »A> S 4*t* s^-i-Ci 4- 4 +SjCjc/j=0. 

Solving the last three equations fors 4l c 4) <f, we obtain the results 
stated. 


F. H. V. Gulaslkaram. 
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Precession and Nutation. 

Thd following method of finding the charges in the right ascension 
and declination of a star on account of precession and nutation may be 
of interest to those preparing for an examination. 

Let PTB be a quadrantal triangle on the celestial sphere, so that B 
has a right ascension, 90° P being the pole of the equator. Let F, , O 
denote their position^ as altered by precession and nutation. 


K 



If a, § be tho co-ordinates of a star S then the direction cosines of 
OS are cos ST, cos SB, cosSP ; i.e., cosa cos5, sin acos5, sin 5 respec¬ 
tively. 

Wo know that 0, the angle between two vectors (l, tn, n) and 
(V, Vi, »') is cos -1 {IV + mm'-f nn). 

AlsoT'K1 V = -^=TKP. T'T = P'KP; KP=u>; KF=U)'. 

(i) Now sin 5’ =cos SP'=sin 5-cos PP' + sin a cos 5-cos BF 

4-cos a cos o.cos 5-cos TP' 

= sin 5 (cos (i). cos (o'4-sin to. sin to' cos A") 

4-sin a cos $(— cos to' sin ( 04 -sin (o'cos u> cos A) 

4 -cos a cos 5(sin (o'.sin A) 

(ii) sin a, cos 5' = cos SB' = sin 5 cos PB'4-sin a cos 5 cos BB' 

-f cos a cos 5 cos TB' 

=sin 5(—cos to sin (o'4-sin (O.cos lo' cos A:) 

4-sin a cos 5(sin (o.sin (o'4-cos (o cos (o' cos k) 

4-cos 5 cos 5(cos (o'.sin A) 

(iii) cos a' cos $'=cos ST = sin 8-cos PT'-ksin a cos 8 

B'l v 4 -cos a cos <#> cos PTB 
=sin 5(—sin (0.9in k) 

4-sin a cos 5(sin k cos (o)4-cos a cos 5 cos.A. 

Tho rest of tho working is tho same as that given in Ball’s. Sphertcal 

Astronomy, p. 189. 

K. K. Ranqanatua Aitar. 
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Annual Parallax. 

The following simple geometrical method may be substituted for 
Art iii, p. of 310 Ball’s Sfherical Astronomy to find the effect of parallar 
on the right ascension and declination of a fixed star. 

The effect of parallax is to throw the star from its mean place 
towards the son through an angl * = <r sin E where <r is the amount of 
annual parallax and E is the angular distance between the star and the 
sun. 


P 



Let P be the pole of the equator, S, S' the true and apparent posi¬ 
tions of the star. 

Then SS'=<r sin SO, where 0 is the sun. 

If (a, 5) be the R.A., and declination of the star, then 

(1) a' — a=S'K sec. 8 

=<r sin SO, sin S'SK sec 8 
= <y sec 5 sin (dj— a) cos g, 

[a,, 5i being the coords, of 0]. 

= <r sec g { sin cos g, cos a —cos a, cos g, siu a } 

= <r sec g { cos a sin O cos u>— cos © siu a } , 
since sin a t cos 8,=sin ol x cos © seo a, = cos u> sin ©, 
an Q cos a, cos gi = cos ©. 

(2) g' —8 = —SK = SS' cos S'SP 
= <r sin SO cos OSP 
= <r (cos OP—cos OS cos SP) cosec SP 
= <r(sin 5,—cos OS. sin 5) sec 6 
= <rf8in5i cos 8—cos g, sin 8 i cos (a,—a)] 

from the ASPO. 

= <r { sin O sin <*> c09 5- sin 8 cos a cos © 

—sin 8 sin a cos U» sin © } 

sin Sj^sin © si* w 
cos 8, cos a 1 =cos © 

COB 8, sin a x =Bin © cos U ); from (1). 

(J. Kbibhnamachait, 


since 
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Centroid of a Uniform Circular Arc 

Lot n eqnfil particles of nnit mass be placed at*eqnal intervals a 
along the arc AB whose centre is O, so that AOB = (n — l)a ; and let 
x — distance of the centroid G from O. Add an equal particle at P where 
AP = a. Then the centroid of the (n -|-1) particles is in PG and must he 
II such that HOG = a, since, by symmetry, OG, OH are the bisectors 
of the angles AOB, POB respectively. 



•• tan Ja =_“_ 

a cos [I(n—l)+l]a-f nx’ 
l*y the usual formula for ‘centre of mass \ 

Hence ux sin l a=asin [(£ n + Da-Ja] 

=a sin 4 » a. 

n=a sin (£ n a)/(»» sin £a). 

Cor. When n is infinite, since (»- 1) a = AOB = 20, * n a «Q ; 
tliat is, the centroid of the uniform circular arc AB is given l>y 

x = a (sin 0)/0. 

M. T. Naraniengar. 
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SOLUTIONS. 

Question 649 . 

(S. Malhari Rao, B.A.) :—A gentleman has one-third of an acre of 
vacant land round his house. He wishes to divide it into five different 
plots to grow live different flowers. What must be the areas of these 
plots so that they may be in A. P., and each of them may be conta'ned 
an exact number of times in an acre ? Shew that there cannot be more 
than one set of values for the areas. 


Remarks by Eric H. Neville. 


The solution is much abbreviated if wo take into account from 
the start the condition 


1 

y 


-i<± 

as 15 


which in the solution on page 60 of the Journal is used only at the end 
This condition, in virtue of the equation 

1 + 1*1 

y « 15’ 


is equivalent to z<3y, 

and we have also y<*. 

(i) If a is an integer and 

x = l5o = (2a—l)jy, 

then 2a —1 is an odd integer between 1 and 3, which is impossible. 

(ii) If a, b are integers, and 


then since 


s=3a, y=56, 3a-f 56=2a6, 
56/a = 26-3, 


56/a is an odd integer which being equal to 3y/«c is less than 3 and 
greater than 1, which again is impossible. 


(iii) If a is an integer and 

y = 15a = (2u—1) x, 
then 2a—1 is an integer less than 1. 

(iv) If a, 6 are integers and 

x—ba, y=36, 5a+36 = 2a6, 

then since 

36/a=26—5, 

24 
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36/a is an odd integer, which being equal to 5j//* is less than 5 and 
greater than 5/3, and therefore is necessarily 3. Thus the so'e solution 
fulfilling the conditions assigned, is given by 

n=6 = 4, * = 20, y = 12. 


Question 691 . 

(A. Narsikua Rao) :—A raarblo slab of n pound.breaks into k pieces 
with which a tradesman finds himself able to weigh goods from 1 to n 
pounds (fraction excluded). Shew that the least value of \ is the small¬ 
est integer satisfying the relation 3 , '>2»»4-l. 

What ore the weights of the several pieces ? 


Addition'll solution by T. !’■ 'I riveih, Af.A., LL.B. 


It is obvious that when weighing, each piece can be dealt with in 3 
ways. It may bo put in the first scale pan, or in the second, or it may 
not be used at all; thus the k pieces can be dealt with in 3 b ways ; 


excluding tho case when no piece is used, the number of weighings is 
3 A —1 ; but sineo the weights in tho two pans can bo interchanged, the 


3*_j 

number of distinct weighings possible is —— and this must be not<C*>- 


Cii,or3*<2n+l. 

Again, sincu*thero are 3 ways of dealing with tho weights, it is 
obvious that the weights will form a G. P. of which 3 is tho common 
ratio. Hence the weights will be 1, 3, 9, 27 etc. 

Taking 4 weights (1, 3, 9, 27), the number of distinct weighings is 

_|_40 j and since the maximum that can bo weighed is 1+3+9-1-27 

= 40, and tho minimum is 1, all the weighings from 1 to 40 pounds are 
possible in one and one way only. 


Question 739. 


(S. Ramanujan) -.—Show that 
00 

f er nx (cot x + coth x ) sin nx dx = 

o 



l+« 

1—e 


—UTT 


— nit 



(- 1 )" 


for all positive integral values of n. 

Solution by A. 0. L. Wilkinson. 

Consider tho integrnl cot zdz over the following oontonr 

The real axis of x indented with semi-circular contours of radii 
p 0 surrounding tho points it, ; an infinitely great quarter 
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circle, the imaginary axis, and a quarter circle of radius p surrounding 
the origin. By Cauchy’s theorem this is zero. 


For the infinitely great quarter circle the integral becomes 
comparable with 

J.tt / * 

j ' e -HR(cos0+sin0) RdQ ' 

o 

and this part is zero. 

We thus get 

m-p 2-rt — p 371-/) 

} + + +...e "*(cos n x+i sin nx) cot x dx 

J p J tt + p J 2n + p 

00 ° 

— f e~ nx (cos nx—i sin nx) coth xdx + f i dQ 

J ~ P ->o J t 


+ 


o 

r = cc 

2 
r — 1 


7T 


Lt 


f 0 —It(l-O) m ;J Q =0 

P^ 0i 7T 


Equate tho imaginary part and since j c~" x sin n x cot xdx is no longer 

infinite at z = rTl, we can write 

oo 

I e _w *(cot a + coth i) sin n x dx 

^ o 

=s.^-(l+2Ee ~ nr7T cos nriA 

\ +e — 


_\ 
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Question 740 . 

(S. Ramanujan) :—If 

where [*] denotes the greatest integer in x, show that 4(*) is a con¬ 
tinuous function of x for all positive values of x, and oscillates from 

^Lto-— when x becomes infinite. Also differentiate 4 (*)• 

S 6 


Solution by A. C. L. Wilkinson 


The function is continuous at x=r, for 

-i) ('.-*) V- 


and 


it 

Lt. r e r + h .r ! 1 » 
h->o 


C t r + h r * 1 

J -l — 2-n(r-f7i) are the Bame 

L( r +") r J 


The progressive and regressive differential coefficients at these 
points are however different. 

Consider x = n when » is large 

400 = | e -^Zr ) - } — 27T« = 27Tn { l + ^j+- > -2nn 

=by use of Sterling’s theorem ; 

3 

and so for x=n±£, since (*) is continuous, <J(n ±£)=-J. 

V. c L J J 

Now when n is very large 1 —^^->0, but & — [*] can have any value 

x 

between 0 and 1. 

Thus ^=2(2*3+ft) f*■—feJ \ — 2'TT = 47T(ic--[a;])--2'TT > inthelimifc 
dx t. x J 

and ^1 = 0 for (V] + i ; and this gives the minimum value of <p (x) 

dx 

when x is large. 
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• • 

We evalute therefore 

r »+L o , 


/•"+*» n 

'•(«+ •)" J 


— 2ti(» + |) 


=(^, 2 "-'( 1+ ^ + -)- 2,, (’ ,+ 5) 

=2 ’ , “( 1+ ^ + -) ( 1 + ^ + ) _ 2 l, (’‘ + s) 




[A. graph of the function between * = 0 and x=3 is attached.] 


Question 746 . 

(Laksumi Shankar N. Bhat*) :—Prove that, n being an integer not 
less than 2, 

(1,1 1 ,13 1 . 1-3*5 1 . . . *) 

l»?3I + 2'3r.-l + 2-4*5n-l' f 2 : 4~G , 7n-l " ad mf 7 X 
f 1 , 1 1 13 1 ,13 5 1 . . . ■) 

\n+l 2*3»+l 2*4 # 5n + l 2*4*6* 7n-fl j 

2 , 2 j. _ 2 

(n—l)(n+l)* t *( 3 »—l)t 3 n+l)~( 5 n— 1 )( 5 »+ 1 )*" 

Solution by S. V. VenJeatachala Iytr and K. Ayyukuttan Erady. 


Now since 


•"-* 1 J n - 1 13 

»-l + $3»—1 + 2*4 5»-l 


ad. inf. 


= f «/*-»(! -z* n ) 


-id* 
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and 


x "+» 1 **»H* 1*3 ar'"+i , . 

f;___h--+.ad. mf. 

»+l 2'3» + l 2-4 5» + l 

= jr n (l-x v, )-^dx, 


and since both the scries are convergent for values of a: lying between 
the limits 0 and 1 (inclusive), we have, for integral values of 2, the 
left hand side of the given identity 

,1 4 f i 

= | *"-’(1-a 1 ") 'dxX J x n (l-x v, )*dx 


n —2 


l-i 


= J " (sin 0) M . sec 0. i (sin 0) n cos 0 d 0 


1-1 


X J ^ sin 0. sec 0. - (sin 0) n cos 0 d 0 
o 

[by the substitution a=sin 0] 
71 __1 _ 7 T 1 

=.1. j' T (sin 0) » d 0. (sin G) n d 0 


B1DC0 


\ 2,. ) \ 2n J tt 

1 /2r»—1\ p /2n-f-l \ 2n 2n* 

\ 2n / \ 2n ) 

i Tn r(l-n) = ^-2I—. 

sin m T 

But since cos0=|l-l§!j. |l_i^ j.. 

_ 7T —0 7T + 0 37T —0 37T-f 0 
7T ’ 71 * 3TT ‘ 371 

Taking logarithms and differentiating 

, . 0_T « 1 * 11 

2 2* I.TT — 0* 7T 7T + 0’7lJ 


... ( 1 ) 


r 3tt 1 37 T 11 

+ 1371-0*371 37T+1'37tJ 

20 20 
(‘TT-0)(lH-0)' t ’(37T-0)(37T + 0). 


3tt 1 
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Putting G =—, we have 
» 


' tan —■= 
2 n 


2tt 

n 


2-tt 

>1 




( 2 ) 


• • 


-rr t tt_ 2 , _2_ 

2;» (» —l)(n + l) (3n — l)(3n+l) 

From (l) ami (2), the given result follows. 


Question 749 . 


(S. Kbisknaswami Aivancar) :—If p be the radius of curvature of 
the curve r"*=a m sin m3, p k the radius of curvature at the correspond¬ 
ing point of its k th negative pedal with regard to the pole, show that 


Solution by S. V. Venkataraya Sastri, M.A., L.T., 

M. M. Thomas and others. 

The k ,h negative pedal is r n = a u sin n0, where n = m/(l — mk). 

The point on the k l, ‘ negative pedal corresponding to (r, 0) in tho 
original curve is [r l - m, ‘u" ,k , (mk + k - 1)0 ] 


We know 


• • 


Hence, after a 


„ _ a" 

Ph (n+l)r” _l * 

slight simplification, the required result follows. 


Additional solutions by K. Srinivasan, K. D. Madhava and 

S. V. Venkatachala Iyer. 


Question 760 . 


(K. Appukuttan Eradt, M. A.) :—If 


/(u)=l+ 1 


Vn(n +1) + »(* + !)(»»+ 2) + *" 1 


/( l )+ /^) + /|) + . =e, 


show that 
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Solution (1 ) by M. K. Keualramani, M.AG. V. 3/. Gaitonde atul others; 
(2) by 3f. Vii'asicamaiya, Durai Jiijan, K. K. Ranganalha Aiyar and 
Lakshmi Sankar N. Iihatt R.A. (3) by A. Narasinga ltao ; 

and (4) by K. R. Madhava. 

(1) Let /(1) = ',: ® = '»* etc. and S their sum. 

, = _M_ 

r (r-1)! 

= _2_ P + __L_ +_ 1 _r + 

(r — 1) ! L *' , '('"+ 1 ) r ( r + 1 )( r +2) J 


_ i i i + 1 + _A_ 

_ ' (r+1) ! * ( r +2) • ( r +3) ! 

,,= n + ?! + irT + T! + " 

<,= 2! + 3T + r! + 5T + '" 

,i= T! + r’ + r! + ?i + 


+ ••• 


t • • 


f =_L+—+-L+-L+... 

' 4! 5! O'. 7! 

From the above it is clear that the sum S contains : 

one j two L ; three i; four A; five A 

anti so on. 

s= n +2 (j?) +3 (in) +4 (rT) +5 (^) +6 (fT) 

+. +r (rr)' 1 (r+ 1 ) i 7 TT 7 ! + " 


,, i + J_ + _L + 1 + J. 4 

1+ l! + 2! + 3l + 4! + 5'A 


(2) Now nf(n) = 1 + ( ^+ (n+ ^+ - 

= l+/(n+l) 

n /( n )—/( n +!)—!• 

In this givo to n valuos 1, 2, 3,...and wo got a series of identities 

/( 1 )-/( 2)=1 
2/(2)-/(3)=1 
3/(3)-/(4)=-l,ete. 
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or whioh is the same thing as 

/ (1)-/(2) = 1 

2/ (2) —/(3) = 1 

ll /(3) ~F! /(4)= ^ 

4 /(4)-.V( 5 )4 

and so on, adding the various identities, we got 

n + 3! + TT + * 

3 ]i 11,1,1' 

+ 1 ! + 2T + 3! + T + "‘ 

= ("l-A + —- —...'ll 

^ 2! 31 )n 


= e 


-A/l 


(?) 


Hence 


e_ 1-f A — A1 E,, . 
-=e ,e - = e /(») 
n n ' 


=/(»)+/i^l>+fe+i) + ... 

The given result follows on pntting » = 1. 

(4) We have Prym’s Identity (see p. 149, vol. vii., or p. 17, 
J . I. M. S.) 

J * L» l!»+l + 27n + 2 3!n+3 J 

from which by successive substitutions we have 


•••(o 


vol, viii, 


fi_ 1 1,1 1_ 1 1, 

L 1! 2*^2 ! 3 3!4 +,, *‘ 

+J-/i--J_± + 1 -I- 

1! (.2 1! 3 27 4 ’** 

+ £ j { f - m + -] 


BinM iTi-rr ^~ri + ri n -T2i— • to (n+1) torma 

= coefficient of z n in e*xr*=0. 


25 
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Question 767. 

(S. Krisiikaswami Itengar) -.—Show that 


1-L + -L...(-)",=rr^—n = i lo e 5 +2 tan _ 1 2 . 

2 , .!> 2 .9 2 (4n +1) 

Solution hij Pmf. K. J. Sanjana and K. B. Madhava. 


More generally, 


let 


then 


lx* ,1 x 9 

= R-g- 


• • • 


4+x 4 


Hence /(*)=C + j 


ami 


Now C =0 evidently, as ; 

4</ ^ i = P uttin & ® = !/V 2 . 


J 


4+ 


! + «/' 

J£y2{t«h-* yVf —— aV ^ 


rr? + 




2 + 

Putting x = l, wo get 

the given series = A(tanh~ J f-f ton -1 2) 

= { log 5-f ^ tan _, 2. 

Similar solutions by M. K. Keutdramani, S. V. Venkatachala Aiyar and 

K. Appukuttan Erady. 


Question 768. 

(S. Ramanujan) s—I f 4*(®)*^^4' Bhow that 

(i) J +(**)+i «*“)+* )+•■•= ,~+pr 

for all positive values of x ; and 

(ii) i 4»(®*)+* ^)+~V 4iC«^+-=r-j4j 

for all negative values of a. 
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(i) Since 


Solution by K. J. Sanjana and N. Vuiairujan. 

x+2 _ 1 3 


z— 1 x— 1 ’ 


the 


/II 1 \ , /I 1 1 1 \ 

g>ven senes = ( —) + ( - ) 

x a — I a: 11 — 1 x 5 — 1 


iii, 

+ -» for « terrus 


-1 

When n -> oc, the limit of the second part is —i—. 

log x 

(ii) Pat y——x, so that y is positive. Then 

4, (x) = 2 ~1- = JL _ _i 

* l-I/+y s 1+y 1 1+y* 

Proceeding as above we shall get the sum of n terms to ho 

1 _ 1 1 

1+ * 3 ”l+y 3 

the limit of the second term for n -» oo being zero, 

the required 8nni = _i_. 

1 —x 


Similarly, the limit of 

co 


i 


■\ ■ _i_ 1 . - 1 

) ~ log X X — 1 01 X—V 


if 4; (z) stands for ( f ~ 1 )4 : (» : ~2) + (r-3)xM - -x r -» 

l+*+z’+...* r - 1 


2dn a ; 


Question 775. 

(K. Sbinivasan): —Prove geometrically 1 + dn 2r = — " ‘j* ‘ 4 

l h bn z 

Solution by F. H. V. Gulatekaram, li.A., 

Take any four points M, in, n N in order on a st. line, und on MN, 
inn as diameters describe circles. Let the'centres be O, 0,; the radii R, 
r ; and let 0 0, = 5. 

Draw ohords of the outer circle MA, AD, MB to touch the inner. 
Draw another circle having its centre on MN and touching AB and MD. 

Let the points of contact be as shewn in the figure. 
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It is evident that T g is the mid-point of AB and that it lies on MN. 
As in Dixon : Elliptic Functions, §§ 105—107, let us suppose that 
the point M on the onter circle corresponds to the argument zero, A to 
the argument u ; hence D corresponds to the argument 2u and B to —«. 

A Iso, 

, IS AT, , 4 R 5 

,j,, ( ,, '‘ ) =mt 1 ‘ wh ' re/, -(R+s 

A * 

;ul d MNA = 0 = | am. u, MND = 4> = i am. 2« 


r 


N 


B 

Hence wo have 

OA’.R'+S'+SRS oos 20 

OM* OM* 

_ . _4R§ sin* 0 

OM* 

, 4R§ MT* 

' . (R+sy-e’cSF 

= l—k* sin 4 am. u 
= 1 -*■ sn 4 «. 

Again sinco it can be proved that the three oirolee in the fig. have 
I he same radical axiB [Fide: Ex. 45, p. 417. Nixon: Euc. Revised], 
the elliptic functions have the same modulus whether the inner oirole 
bo the one with tho oentre O,, or the other touobing AB, MD. 
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Again from the cirole touching AB, MD, we have 


and 


1-f dn 2u = 


MD 


MT 4 

dn u=4£ 
MT 4 

1-f dn 2/u = MD 
dn u ATg’ 


2R sin <p 
2R sin 0 cos 0 
sin 2 Oj ATj 
sin 0 cos 0 ' 


2.0T, ATj OM OM 
OA *OA , (5f 1 *MT l 
2.AT, OM* 

infOA* 

2 dn u 
1—ft*sn*u 


Henoe 1 -f dn 2u = - J* - - -. 

1—ft* sn*u 


Question 776. 

(K. Sbinivaban) :—Expand in a Fonrier series cn* 2 . 

Solution by F. H. V. Oulaiekoram, B.A. and K. B. Madhava, 
Method 1.—We hare 

-A (snsdn s)=2ft*on'*+cn z (1—2 ft*) 
da 

Hence 2 ft* on* 8=s~_cn 2 —cn s (1—2 ft*) 

du 


Now 



q n +* COB (2n+ 1) x 
1+ 5 ,n+l 


ralid thronghont the strip 11(a) | I(J), 


where 


2 = 


2Kx 


3=c 


-TT* J 


j=iS. 


(Vide : Et$. 1, p. 504, Whittaker’s Modem Analytit.) 
Hence from (i) 

» V* r(2*+l)V w Y (l- 2 * 3 )! W*** 008 C 2 ”* 1 )* 

0na -2i L - ^ Vggy 2^* J K (l+3* w+1 j 

u=0 

Talid thronghont the strip |I(«)|<1 w 1 (J)* 
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(Vide : Whittaker Ex. 57, p. 528, for the analogous expansion of sn'z. 


Method 2.—If z = ~^' T , cn’z is an even periodic function of x (with 

TT 

period 2tt) which obviously satisfies Dirichlet’s conditions for real 
values of x and therefore 

cc' 

cn*z=i a 0 -f ^ a„ cos nx, 
n = l ■ 

the expansion being valid for all real values of x. 

The co-eflicients a n are given by the formula 

. + ir . - — 

TTa,, = I cn'zexp (nw) dx. 

^ — it 

To evaluate this integral consider j cn^z. exp (nix) dx, taken round the 

parallelogram whose corners are’ 

— 71, 71, 7T J, —27T+7I J. 

From the periodic propertied' orcn*z and exp (nix), we see that 

f 71J 

cancels I ' ; 

J TT J — 27T + 7TJ . : 

again, —7 T+JttJ and \ ttJ are the only poles of the integrand (qua 
function of x) inside the contour. 

Again, cn'(s+tK'). exp { m'(x+| ttJ) } 

= ± r ’ ds^z exp (nix) q- n , (where q=e^*^) 

K 

= w '[ 1+U1 “ 2 * V+ -] [ 1 +“'«- ! t + -] 5 

so that, the residue of the integrand at the pole $ttJ 

. in/7T\ ri-2fc J n* / itA’l. 
tq V2K/L 2fe* 8V-V2K/J* 

and the residue at the pole—+ 

In/7T\ri— 2)? n*/‘rr'Vl 

-- ( " v * (skHtp—spCsr) J- 


cn’s. oxp (niaj) dx 


-r \ 

(J-t, } -2-n+ixJ) 


*t 


Hence 



281 


Writing, (aj—'ff+TT) J for x in the second integral, we have 


7T 


{ 1—(—1 )V> f cn*z. exp {nix) ,Jz 

-id 1 ( 1} J IMth) q 

When n is even, <i„ = 0 '» but vrhen ?i is mid 

n _2TT(-7t 3 /7T Y 1-2VH ?•” 

“ K L 2-A-V2K/ ~W~\l+q n ’ 

and a 0 is easily seen to be /.ero. 

Hence, we get the expansion already obtained by Method 1. 

Note: —The Fourier Series for (sn u)"‘, (cn (dn ti)"‘ and their 
reciprocals can be found as follows : 

We have, when m is any positive integer,(Dixon's Elliptic Functions 
§§ 56, 59.) 

< B > .“'>} 

= (m—(m—2)(1 -\- k > )s~ m + i -t\(m—3)k*6~ m + i 

where 8, c, d stand for sn u, cu m, dn u respectively. 


Hence (cn u)"‘ can be expanded in a Fourier Series by differentia¬ 
tion as follows :— 

(1) When vi is odd and greater than one, tho series for (sn u)'" 
is obtained by differentiation from the series for 6U u by means of tho 
reduction formula (A). 

(2) When m is even and greater than 2, the series for (sn u)’" is 
obtained by differentiation from the series for sn*« by means of the re¬ 
daction formula (A). 

(3) When to is odd and greater than 1, tho series for (ns u)"‘ is 
obtained by differentiation from the series for ns u by means of tho 
re^upt^op .formula (B), 

(4) When to is oven and greater than 2, the series for (ns u) m is 
obtained by differentiation from the series for ns’u by means of the 
reduction formula (B). 
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Hence the expansion for (an u) m is made to depend on either that 
of sn u or sn’u, and the expansion of (ns «)” is made to depend on either 
that of ns u or ns*u. 

Again since the expansions for ns u and ns*u are dedncible from 
those of sn u and sn’u by writing «+t K' for u in the latter, we see that 
the expansion of (sn u) m may be made to depend on that of sn « when 
vi is odd and on that of sn’n when m is even, m being positive or negative 

By constructing similar redaction formulae for (cn u) m , (dn u) m , etc. 
the Fourier series for (on u) m , etc., may be obtained. 


Question 785. 

(S. Ramamojan) :—Show that 

( 3 (yd + b*- a) ( ya* + b'-b) > { (<* + &)* > -^(a»-ob + 6*). 

This is analogous to 

V { 2(V«M T'-a^y/a'+V-b) > = (a+b)- y/(a'+b'). 

Solution by K. K. Ranganatha Aiyar , R. D. Karve, 

0. A. Kamtekar, L. N. Datta and L. N. Subtamanyam. 

In the identity 

(a-f &-r) s = (a + 6)*-r*-3r(a -f 6)* + 3r*(a+6), put a'+b'-r *; 
wo have 

(a+6 —r)*=3a6(a+b)—3r(a+6)*-4-3r , (o4-6) 

=3 ( a +6)(r-o)(r-6) 

-^/3(,-aKr—=(«+10 1 -(“££)*• 

whioh is equivalent to the result required. 

Again, in (a-f b—r)’ = 2ab—2r(a-f b)-j-2r*, 
pat r*=a'+b\ and we got 

.*. ^ 2(r—a)(r—6) = a+6—r=a+&—Va'+b* 


Question 787. 

(M. K. Kbwalrauani, M. A.) -.—Provo that, if o be not an integer, 
*tt f(x + ah)—J(x—ah) _ f(a+h)—f(a—h) 


sin air 


I*-a* 


-K*+2h) ■ Q /(«+3 

^a 1 o*—a 


23 

Solution by Y. M. Gaitonde, K. Appulcuttan F.><vly 
and I(. K. Ranganatha Aiyar. 

We can, when y lies between ±tt, by using the Fourier’s Theorem, 
shew that 

2 . /sin y 2 sin 2y . 3 sin 3y \ 

-n V 1 —a* 2 , -a 3 S'-a' / 

[Williamson : Int. Calc., p. 400, Ex. 10.] 

Hence we get. 

7T t ayi —e~ ayi e yi —e~ yi ~e2 


1 -a 


-2 


2 ' -a 


— + ... 


2 * sin a-n 
d_ 

Putting e^^e^Jx and applying each side to the function / (a), wo 
get at once 

*n f(x+ah) — f(x-ah) _f(x+h)—f(x — h) 

2 - 


sin a-n 


l a -«' 


o f(x+2h)—f(x—2h) , q Kx+M)-Kx-Vi) _ 
L 2*—a* + V-a' 

Addition Solution by L. N. Bhatt, BA. 


Question 788. 

(E. H. Nevillb):—F rom the point can be drawn four normals 

to the ellipse fL-f^- = l; four circles are drawn, each through the feet 

d* b 1 

of three of these normals; shew that the sum of the squares of the radii 
of these circles is given by 

2a*6 , E»» = (a>+ fc’)' 9 -(a 5 -6»)(aV-6V). 

Solution by F. H. V, Gtdasekaram, B.A., K. B. Madhava, V. 3f. Gaitonde, 

K. K. Ranganatha Aiyar, and others. 

Let a,/?,y,§ be the eccentric angles of the feet of the 4 normals. 

... ... (i) 


2 au 


Then cos a + cos /? + cos y + cos £=—-—— 

a*— 

. , . „ . . . • p — 2 bv 

sin a + sin R -f sin y-fsin 5 = ——rr 

a— b‘ 


... (ii) 


cos *a + cos’/tf + cos V+ cos *6 = 2 + ^^-^^ ... (in) 

Consider tho circle through the points a,/?,y. This meets the circle 
again at the point (tt + S) ; so that, after C. Smith’s Conic Sections, p. 169, 

cos (a + $-f y) = — cos 5 
sin (<*+/?+y)=sin §. 

26 
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If (# 1 , V\) be the centre, r, the radius of the circle 

£cos a + cos/? + co.s y—cos 5 J 

u a 2 —It 1 c 
=-— -C03 5. 

2 2 a 

y x = — Qsin a + sin /? + sin y —sin 5 j 

v a* — ir . c 

= T + TT sm5 ' 


r* = (*»+« cos 5)’+(y\ + & s»n 5)’ 

/a’+fc’ c . «\ / a 7 + 6 * . . , v \ 

= ( ~h cos 5 + y) + (-^ si "5+-2) 


[from (i)] 


[from (ii)] 


=<£+»)'. Tcos sh —— "I •+<f!±i)* r sin s+_* lT. 

4a* L a*+ 6 *J ^ 46* L a*+ 6 *J * 

lienee taking the radii of tho four circles in question, and using 
the results (i), (ii), (iii) above, wo havo 


4a , 6 , Ir* = 6 ? (a*+fc») ! f 2+^ V ~ ?,V )] 

L T (a*-6*)* J 

+a-(a- +t y[ 2-2<j£=gp] 

+4a*fe*(«*+v 5 ) + 4 < ?-±£ q'^u’-i) 1 ) 

a 1 — tr 

= 2 (a*+ 6 *y- 2 (a*- 6 *)(a*a*- 6 ’w l ), aftorlroduotion. 
Hence the result. 

Additional Solution by K. Appukuttan Erady. 


Question 789.- 

(K. J. Sanjana) :—P, Q, R, S are four co-normal points on an 
ellipse whoso centre is C and axes 2a and 26, 0 being tho point of 
concurrence of the normals. If as,, y r (racl, 2, 3, 4) denote tho centres 
of tho circles QRS, PRS, PQS, PQR respectively, prove that 

£» = abscissa of O, Dj/ = ordinate of 0 

and, that each centro lies on an ellipse whoso centre is at the mid¬ 
point of CO and whose axes aro 

[Suggested by Q 788]. 
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Solution by F. H. Y. Gulasekaram, B.A., S. Y. Yenhatachala Aiyar, 

K. B. Madhava and M M. Thomas. 

Let a, /?, y, 5 be the eccentric angles of the four points P, Q 
R, S; Let 0 be the point (u, i\) 

Then if ( x t , y,) be the centre of the circle PQR, 

... ... ... (i) 

... ... ... (ii) 

:: Solution to Q. 788.] 

Lx = 2u — ~ I~~. Zcos a 
2a 

F 2au 
2 a 'a*— b* 

= u f the abscissa of 0. 

Similarly, £ y = v 

=tbe ordinate of 0. 



From (i) and (ii), it is evident that each centro lies on an ellipse 
whoso centre is at the middle point of CO and whose axes aro 



Question 794 . 

(Martin M. Thomas, M.A.) .—The plane-+^+i = l moves in such 

a b c 

a manner that the centroid of the trianglo ABC always lies on the 
surface a 5 _, 4 -y -I + 3 _, = 9, A, B, C being the points where tho plane meets 
the rectangular axes of co-ordinates. Prove that the"niuc-points centre 
of ABC will lie on the surface 

*V4e* —1 + + 2 (**+**+«*) = 1. 

Solution by K. J. Sanjana, M.A. and K. B. Madhava. 

Tho co-ordinates of tho centroid are evidently $ a, $ b, J c; since it 
lies on tho surface, . 

(r+Gr+arxr. 
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2? 


=1 


• • • 


• • • 


... (i) 



For tho circumcentrc S, wo Lave 

(x — a)*-f »/*+a , =* , +(j/ — 6) , +- , = * 1 + !/*+( 2—c )’> 

along with the equation of the plane. 

c «_l h* —1 a? —1 

Thus wo get s or SM = —— V —’ x - 2 a~ • 

If II is the orthocontre, ami HR porallol to the xy— plane moots 
OC in R, the AS HCR ami SDM are similar, where SD is porpendi- 
oular to AB. 

Hence, since CH=2SD, 

CR = 2SM ; and OR, or e for H, is 

c’-l_l 
2c c 


c-2 - 


or 


Thus the oo-ordinates of tho nine-points contro are given by 

_ , (1 , <*’—11 _«’+! . &*+1 „_c*+l 

a:= = >-"-46" ’ — 4o • 

From these a*—4 ax-fl=0, &c .; 

.*. a=2«±V4s8*—1, and —=2x±V4X’—1, &o. 

Substituting in condition (1) we get at onoo 

2](W-1)T 2^^/4x'-1=1, 


which is tho equation of the loons. 



QUESTIONS FOR SOLUTION. 

808. (K. J. Sanjana, M. A.) :—Prove that 

+ 7— , o\/ n—ro\+ ,,,a ^ inf - 

I II _I_ V If II \ 




1 


y(y+z) (y + i)(y+=+i) (y+ 2 )(y+=+ 2 ) 

_1_1 z-\ 1 (;-!)(-—2) _1 (g-l)(g-2)(g-3) 

• •# 


-f 


y 2y(y +1) 3y(y+l)(y+2) 4y(y + l)(y+2j(y+3) 

when y and z are positive rational numbers. Examine the identity for 
negativo values of z. 

809- (T. P. Tbivedi, M. A., LL.B.) :—With the usual notation for 
an ellipsoid, and writing 

1 lx.iny ns 

-i ' TT < — 

p a 1 6* c a 

show that 

/ 2±Efc? dS=£u { (a + 6 +c) (i 5 +4. + i ; ) + (1+J+i) } 

the integral extending over that part of the ellipsoid for which x, y, s 
are all positive. 

Write down also the value of 


(( x + y+~) ^ j n a symmetrical form. 
J P 


810. (T. P. Tbivedi, M. A., LL.B.)Find the values (other than 

zero) which satisfy the equations : 

x *=y—r, y i =z—x, -x—y. 

811. (C. Kbishxamacuaby) Sum to » terms. 

(i) 1+ Q * Aq. 2 * )+ _gfe+j)*. 

W ^(6+*)’V a + 6/ (6+*) , (6+2*) ! 

a*(a + *)*(<* + 2x)' . 6x 




+ 


■( 1 + a +i,/ 

—(i +«L)+ m 

3*V\ a + 6/ 


(ii) 


1 


(6+*)’(6+ 2x)\b + 3a) 1 \ a+6 
2( y+x) . 3(y+g)(y+2s) 

—x){y—lx) (y-x)(y-2x)(y-3x) 


y-x (y 

812- (8. Kbishnaswami Iyengar): —if S„ represents the sum of 
the reciprocals of the first n odd numbers prove that 


CD 


CD 


y yi 

Y 4"(» !)* Y 


813. (S. Khisenaswami Iyengar) :—Show how to find the sum of 
the soriea 


o» 3« 

l+cos a+cos2a — + cos 3 a —+ 


and prove that when n=2, tho sum of the series is 

{ co 3 (sin a)(cos a + cos 2 a)—sin (sin a)(sin a+sin 2 a) } o 00 ® 1 






288 


814 (K. J. Sanjana, M. A ) A regular qnindecagon is inscribed 

in the circle x i +y i = l, with one angular point on the axis of x. Prove 
that the special vertices of the polygon (t.c., those not common to it and 
the inscribed regular pentagon or triangle) lie at the intersection of 
the circle with the two hyperbolas 

2 (x’—y s )—x ± \/15y—2 =- 0. 

Prove also that the special vertices of the similarly inscribed 
polygon of 21 sides lie on the two cubics 

(4c —1)(« 4 —t/ 1 ) — 4r + 2\/7 xy=0. 

815- (Martin M. Thomas, M. A.):—If 

[ _ dx _ = V—* 

J Zj n n> 

c 

prove that 2 o/r n _ 1 -f fe/r H 4 -nfc, l+ 1 = 0 . 

816- (Martin M. Thomas, M. A.) :—If k be the curvature of an 
ellipse, and 

1 , 1 dk 1 cPk 

a °”2! A, °i“3ld7 ,a a,_ T! d? 


show thatoo ®(4u 0 4 —5a, , +4a t) a a ) has the constant value ( ^ at all 

\a/?/ 

points of the ellipse, a and /? being the semi-axes. 

817. (S. Maluari Rao.) ff xC e is equal to the continued pro¬ 
duct of three primes whose sum is 327, find «. 


818- (S. Maluari Rao) .—Complete the following magio squares 
by inserting prime numbers in vacant cells:— 
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819- (K. Appukcttan Erady) : —If p, p be the radii of curvature 
at corresponding points of a curve and its a-evolute where a is a func¬ 
tion of the arc measured from a fixed point on the curve, show 




i * U 

+ sin a = — 
<Js 


i 


cos a » 

!+•'“ 

p (Is 


820. (K. Appukcttan Erady) : —Prove that the equation 


( / '+ r i)( r - r i) , = 4 <i(ar+r,-\rr,) 

in bipolar co-ordinates, represents the linos of force of a simple magnet, 
and show that the system of orthogonal curves is given by the equation 


1 1 



821- CM. K. Kewai.ramani) If through A, B, C lines AXY, 
BYZ, CZX are drawn so as to make the same angle 0 with AB, BC, CA 
respectively, and form the triangle XYZ, prove that 

p='2<r sin (to — 0), 

where to is the Brocard angle of the triangle ABC, <r is radius of the 
First Lomoine Circle of ABC, and p is the radius of the Cosine Circle of 
the triangle XYZ. 


822- (K. K. Ranganatha Aiyar, M. A.):—If a circle cut an ellipse 

in A, B, C, D whose eccentric angles are a, /}, y, 6 then the power of any 
point P of the ellipse varies as 

sin i (0 —a).sin i (Q-/3)X sin i (0-y) sin £ (0-6). 

Hence or otherwise show that the equation to an ellipse may be 

put in the form S^+S^+S,® =0, where ABC is a maximum inscribed 
A and S,, S„ S, the circles of curvature at A, B, C. 

823. (K. K. Ranganatiia Aiyar, M. A.) If P, denote the para¬ 
bola of closest contact wilh an ellipse at A, we may put the equation to 
, ill 

the ellipse in the form P, 4 -f Pj^ + P, 4 =0, ABC being any inscribed A 

824- (F. H. V. Gulasekaram, B.A.) :—With reference to the circle 
of curvature of the conic l/3y+mya+na/3=0 at the vertex A of the 
triangle of reference, prove the following •— 

(i) p (the radius of curvature) 

_ Ra&c rm*+n*—J5mn cos A‘1 8/2 

hnn L a* J 
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(ii) The perpendicular distances /?, y of the centre of curvature 
from the sides CA, AB are given by the equations 

_ /? _ y = _ P _i 

n —m cos A to —n cos A (in , +n*—2mn cos A) 

(iii) The equation to the radical axis of the circle of curvature 
and the circumcircle of the triangle of reference is 

j3/b + y/c _ to* -f n*— 2 mn cos A 
Pjm -j- y, n al 

825- (Enquirer) .—Salmon [Conic Sectiorts , Appendix on Pascal’s 
theorem] states that the two of points denoted by 



are conjugate with respect to the conic. Prove that this is so. 

826. (A. C. L. Wickinson) :—If P„ p», P„, P«, P 6 , P«, are six points 
on a conic and \= (123456), p = (126453), v = (123546), p = (126543) are 
four intersecting Pascal lines corresponding to hexagons taken in the 
orders of the suffices as stated, prove that the cross-ratio (\p, vp ) is 
equal to 

(32, 16)(31, 26) 

(34, 56)(35, 46) 

whoro (P 7 , r«) denotes the cross-ratio of the pencil subtended by the 
points PP„, P r , P„ at any point of the conic. 

827- (A.. C. L. Wilkinson) :—If a skew surface is defined by 

x-x, y=-bx+/], s=<xr+y, 

where b, c, P, y aro functions of t , and if the axis of x is the generator 
corresponding to t=0, the origin the central point of this generator, and 
s = 0 the tangent plane at the origin ; thon the hyperboloid of closest 
contact along the generator t =-0 is given by 

2 c'fr'z = c'y V +2 c''p'xy - V'P’z'- ( c'P" - c"P')yz 
where the values of the differential coefficients of 6, o, /?, y are for t = 0. 
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